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Banach lattices

Definition

A Banach lattice is a Banach space with a partial order < that makes it a
lattice, with compatibility axioms (all identities in R).




Free Banach lattices

Q For set A,
FBL(A) is the completion of all formal vector lattice expressions
from A with maximal lattice norm for A C Bx

@ For Banach space E,
FBL[E] is made similarly.



Projective Banach lattices

Definition

A Banach lattice P is A-projective if every T : P — X/1 lifts to
T:P— X with ||T|| <A|T].

FBL(A), ¢, Fin-dimensional, C(K) for K ANR (polyhedra, [0,1]4,...)



Projective Banach lattices

Definition

A Banach lattice P is A-projective if every T : P — X/I lifts to
T:P— X with ||T|| <A|T].

FBL(A), ¢, Fin-dimensional, C(K) for K ANR (polyhedra, [0,1]4,...)

A A-projective that is not 17 -projective:

@ Renorm C[0,1] with ||[f|" = ||f|| + a|f(0)].
The key: Azouzi-Ben Rjeb-Tradacete that 1*-projective have the strong
Nakano property. Norm is continuous for up-directed suprema.
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Bossard theory

Bossard theory allows to view separable Banach spaces as points in a
Borel space, and compute complexity of classes. What about Banach
lattices?

Three ways to code separable Banach spaces:

@ As closed subspaces of C[0,1], endowed with the Effros-Borel
structure.

@ As quotients of ¢1, and endow the Effros-Borel structure of
subspaces of /7.

@ As completions of seminorms in cyo(Q), that form a Polish space
inside R0(Q)



The Bossard approach

Theorem (Leung, Lei, Oikhberg, Tursi 2019)

C(2V, L) contains all separable Banach lattices.

Gramcko-Tursi thesis: We can code separable Banach lattices with the
Effros-Borel structure of C(2, 1) and study complexity of classes and
equivalence relations (e.g. isomorphism classes and isomorphism
relations).

Theorem (De Pagter, Wickstead )

All separable Banach lattices are quotients of the free Banach lattice on
X generators FBL(N).

A

Proposition

All separable Banach lattices come from completing lattice seminorms on
the free Q-vector lattice FVLg(N).

v




The three codings

The three codings of separable Banach lattices are compatible,
O as sublattices of the embedding-universal C(2Y,L?),
@ as quotients of the quotient-universal FBL(N),
@ as lattice seminorms on FVLg(N).

The last coding (Cith-Doucha-Dolezal-Kurka style) is finer since it is
topological.

.
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Complexity of projective

The class of A-projective Banach lattices is complete analytic.
The class of «-projective Banach lattices is complete analytic.

Analyticity comes naturally from definition. Completeness from a
construction of Kurka based on Argyros-Deliyanni.

The class of 11-projective is analytic. Is it complete analytic? Is it Borel?

The class of ANR compacta is Borel (Dobrowolski, Rubin),
hence projective C(K) are Borel.
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Problem (A., Martinez Cervantes and Rodriguez Abelldn)
For which E is FBL[E] projective?

E = {1(A) = FBL[E] projective = E is Schur

If E is an {1-sum of finite dimensional Banach lattices,
then FBL[E] is 1" -projective.

FBL : SepBan — SepBanlat can be seen as a Borel function.

Projective is analytic, but By Braga (4+Kurka) Schur is not analytic.
Therefore FBL™Y(projective) # Schur.

None of the implications can be reversed.



