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Notation

X is an infinite dimensional Banach space
Bx is the closed unit ball of X

Sx is the unit sphere of X

X* is the topological dual of X

K is a compact Hausdorff space

C(K) is the Banach space of continuous scalar-valued
functions on K

Recall that w(K) = d(C(K)).
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® Weakly compactly generated spaces (Amir, Lindenstrauss,
'68);
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Theorem (Johnson, Rosenthal, '72)

Every separable space X contains a closed infinite dimensional
linear subspace Y of X such that X /Y is infinite dimensional.
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Theorem (Saxon, Sanchez-Ruiz, '96)

Every Banach space of density strictly smaller than b has a
separable quotient (with Schauder basis).

Definition
B For fi,g:N—N, write f <" g if

{neN:f(n)> g(n)} is finite.
B The bounding number b is the least cardinality of an

unbounded family F C NY; equivalently, there is no
g : N — N such that f <* g for every f € F.
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From quotients to biorthogonal systems

Question (Petczynski, '64)

Does every Banach space have a nontrivial quotient with Schauder
basis?

Question (Plichko, '83)

Does every Banach space have a quotient with a long Schauder
basis of the length of its density?

Theorem (Plichko, '83)

A nonseparable Banach space has a bounded fundamental
biorthogonal system iff it has a quotient with a long Schauder basis
of the length of its density.

Question (Davis, Johnson, '73)

Does every Banach space have a bounded fundamental
biorthogonal system?
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Definition

A family (xa, x%)ack € X x X* is a biorthogonal system if
x3(xg) = 0if f # a and x%(x) = 1.

The system is:

® bounded if ||x}|| - |[xa]| < M for some M;

m fundamental if Span{x, : o < K} = X.

Theorem (Plichko, '80)

IfT is an index set of cardinality greater than ¢, then (S (I") does
not admit a bounded fundamental biorthogonal system.
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Question (Godefroy, Louveau, '89)

Does every nonseparable Banach space have an uncountable
biorthogonal system?

® If (en)neny € X is a basic sequence, then (ep, €))nen is a
biorthogonal system.

® If (en)ack € X is a long basic sequence, then (eq, €%)acs is a
biorthogonal system.

Remark

We can always construct a bounded system with triangular matrix.
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B If (pa)acr C K is discrete, then there are (f,)ack € C(K)
such that (f, dp, )ack is a biorthogonal system.

Proposition (Zenor, '80; Velichko, '81)

If K is scattered and K" is hereditarily separable for every n € N,
then C(K) is weakly hereditarily Lindeléf. Hence, C(K) has no
uncountable biorthogonal systems.

Proposition (Todorcevic, '06)

If K has a nonseparable subspace, then C(K) contains an
uncountable biorthogonal system.

Claim

There are distinct po,qa € S\ {Ps,qp : f < a} such that
f3(pa) = f3(qa) for every 5 < a.
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Further ZFC results

Theorem (Todorcevic, '06)

If C(K) has density greater than w1, then it has an uncountable
semi-biorthogonal system.

Theorem (Koszmider, '09; Lopez-Abad, Todorcevic, '11)

There is a nonmetrizable compact space K such that C(K) has no
uncountable semi-biorthogonal systems.
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If K is scattered and K" is hereditarily separable for every n € N,
then C(K) is weakly hereditarily Lindeléf. Hence, C(K) has no
uncountable biorthogonal systems.

Lemma (A-system lemma)

Given an uncountable family (Fy)a<w, Of finite sets, there is an
uncountable subfamily (Fo,)e<w, such that |F,.| = |Fa,| and
Fae N Fo, = A for every £ <n < wi.

Theorem (Namioka, Phelps, '75)
K is scattered iff C(K) is Asplund.



