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bvi(E) C I°(E).  bup(E) ¢ I(E) I°(E) & bvo(E)



Composition operator

Let E be a normed space and let © be a non-empty set. For given
map f: E — E we define the composition operator Cr, generated
by f, as

Cr(x)(t) = f(x(1)), for t € Q,

where x : Q — E.



Acting conditions with target space bv,(E)

Theorem
Let p,q € [1,+0).

1. If G maps X € {bvy(E),c(E),I*°(E)} into bvq(E), then f is
continuous on E.
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. Nf G maps Y € {IP(E), co(E)} into bvg(E), then f is continuous
at 0.
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Theorem
Let p € [1,+00) and let X € {c(E),I>°(E)}. The composition
operator C¢ maps X into bv,(E) if and only if f is a constant
function.
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Acting conditions with target space bv,(E)

Theorem
For any p, q € [1,400) the following conditions are equivalent:
1. the composition operator C¢ maps IP(E) into bvg(E),
2. there exist 6 > 0 and L > 0 such that
IF(u) — F(w)|| < L|ulls + L|lw|4 for all u,w € Bg(0,5),
3. there exist § > 0 and L > 0 such that ||f(u) — f(0)|| < L|

u||§ for
every u € Bg(0,6).
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Local boundedness

Theorem

Let p € [1,+00) and assume that the composition operator C¢
maps co(E) into bv,(E). Then, the following conditions are
equivalent:

1. Cr is bounded,
2. Cr is locally bounded,

3. f is a constant map.

Theorem

Let p,q € [1,400) and assume that the composition operator C¢
maps IP(E) into bvg(E). Then, C¢ is locally bounded if and only if
fis.



Continuity

Let p,q € [1,+00), X € {IP(E),co(E), c(E),I*°(E),bvp(E)}, Y €
{19(E), co(E), c(E), I*°(E), bvg(E)}-

Proposition

Assume that the composition operator Cr maps X into Y. If C¢ is

continuous (respectively, locally uniformly continuous or uniformly
continuous), then the function f possesses the same continuity

property.



Pointwise continuity (with target space bv,(E))

Let p,q € [1,+00).

Theorem

Assume that the composition operator Cr maps:
-co(E) into bvy(E) or

- I19(E) into bv,(E).

Then Cr is continuous if and only if f is.
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with exponent g.
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Acting conditions between bv,-spaces

Theorem

Let p € [1,+00) and let E be a Banach space. The composition
operator Cr maps bvi(E) into bv,(E) if and only if f is Holder
continuous on compact subsets of E with exponent %

Example

Let a:= (1,212,32,...) and for u € cpo(R) let f(u) = W

f is Lipschitz continuous on compact subsets of coo(R). However,
it does not generate a composition operator acting between
bvl(Coo(R)) and bVl(COO(R)). Define x: N — Coo(R) by

x(n) := Pp(a). Since |[x(n+ 1) — x(n)||,, = (n+1)"2 for n € N,
we see that x € bvl(coo( )). But,

Z [ (x(n+1)) = £(x(n)llo = +o0.
Hence, Cf(X) §7_f bvl(Coo(R)).



Local boundedness (between bv,-spaces)

Remark
Local boundedness of C¢ : bvi(E) — bv,(E) (E Banach space) is
equivalent to local Holder continuity of f with exponent 1/p.

Example
Let f: /2(R) — /2(R) be such that

f(u) = (siny(u),0,0,...)
, Where
Y(u) = sup{(2w + 1)n|u(n)| — n: n € N}.

f is Lipschitz continuous on compact subsets of /?(R), so
Cr : bvi(I?(R)) — bvi(12(R)).

But Cr is not locally bounded.

Why?



Local boundedness (between bv,-spaces)

Remark
Local boundedness of C¢ : bvi(E) — bv,(E) (E Banach space) is
equivalent to local Holder continuity of f with exponent 1/p.

Example
Let f: /2(R) — /2(R) be such that

f(u) = (siny(u),0,0,...)

, Where
Y(u) = sup{(2w + 1)n|u(n)| — n: n € N}.

f is Lipschitz continuous on compact subsets of /?(R), so

Cr : bvi(I?(R)) — bvi(12(R)).

But Cr is not locally bounded.

Why?f does not satisfy the Lipschitz condition on bounded subsets
of 12(R).
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Definition

A map f : E — E is called locally Holder continuous in the stronger
sense with exponent «, if there exist § > 0 and L > 0 such that
|f(u) — F(w)|| < L|lu—w|® forall u,w € E with ||u— w| <.

Theorem

Let 1 < p < q < 4o00. The composition operator C¢ maps bv,(E)
into bvg(E) if and only if f is locally Holder continuous in the
stronger sense with exponent g.

Remark
In this case acting conditions ensure that Cr is locally bounded.
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Theorem
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bvg(E) is continuous.
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If 1 < p<q<+oo. Cr maps bvy(E) into bvg(E) if and only if f
is locally Holder continuous in the stronger sense with exponent g.
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Composition operators acting from bv,-spaces

Theorem

Let p,q € [1,+00) and let X € {co(E),I9(E)}. The composition
operator Cr maps bvy(E) into X if and only if its generator f is
the zero function.

Theorem

The composition operator C¢ maps bvy(E) into I°°(E) if and only
if

1. f is bounded on E for p > 1,

. f is bounded on compact subsets of E, where E is a Banach space
and p=1.



Composition operators acting from bv,-spaces to c(E)

Theorem
Let E be a Banach space. Then, the following conditions are
equivalent:

the composition operator Cs maps bvy(E) into c(E),
. f is continuous on E,

. f is continuous on bounded subsets of E,

. f is continuous on compact subsets of E,

. f is continuous on countable subsets of E.
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For p > 1 (Lipschitz) continuous mappings, in general, do not gen-
erate composition operators that act from bv,(E) into c(E). To
see this it suffices to consider the identity mapping on E, that is,
f: E — E given by f(u) = u. It generates the identity composition
operator C¢ that maps bv,(E) onto bv,(E). But bvy(E) € c(E).
And so, Ce(bvp(E)) < c(E).
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For p > 1 (Lipschitz) continuous mappings, in general, do not gen-
erate composition operators that act from bv,(E) into c(E). To
see this it suffices to consider the identity mapping on E, that is,
f: E — E given by f(u) = u. It generates the identity composition
operator C¢ that maps bv,(E) onto bv,(E). But bvy(E) € c(E).
And so, Ce(bvp(E)) < c(E).

Theorem
Let p € (1,4+00). The composition operator Cr maps bv,(E) into
c(E) if and only if f is a constant mapping.
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Pointwise continuity (from bv;(E))

Theorem

Let E be a Banach space and let X € {c(E),I*°(E)}. Moreover,
assume that the composition operator C¢ maps bvi(E) into X.
Then, Cs is continuous if and only if f is.

Corollary

Let E be a Banach space. Every composition operator Cr that
maps bvi(E) into c(E) is continuous.



Pointwise continuity (from bv,(E))

Theorem
Let X € {c(E),I°°(E)} and assume that C¢ maps bv,(E) into X.
Then, Cs is continuous if and only if f is a constant mapping.
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Local uniform continuity (with target space bv,(E))

Theorem

Assume that the composition operator C¢ maps co(E) into bvy(E).
Then, Cr is locally uniformly continuous if and only if f is a
constant map.

Theorem

Assume that C¢ maps IP(E) into bvy(E). Then, it is locally
uniformly continuous if and only if for every € > 0 and r > 0 there
exist § > 0 and constants L1, Ly, L3 > 0 satisfying

(L + L3)rP < &9 such that for all u,w € Bg(0,r) we have

P P P
1 (u) = F(W)| < LafJulls + Laflwl[s + Lz flu = wl|«,

whenever |ju — w|| < 0.



Local uniform continuity (between bv;(E))

Theorem

Let E be a Banach space. If the generator f: E — E is Fréchet
differentiable with the derivative f': E — L(E) being locally
uniformly continuous and locally bounded, then the composition
operator C¢ maps bvy(E) into itself and is locally uniformly
continuous.



Local uniform continuity (between bv;(E))

Theorem

Let E be a Banach space. If the generator f: E — E is Fréchet
differentiable with the derivative f': E — L(E) being locally
uniformly continuous and locally bounded, then the composition
operator C¢ maps bvy(E) into itself and is locally uniformly
continuous.

Theorem

A composition operator C mapping bvi(R) into itself is locally
uniformly continuous if and only if its generator f is continuously
differentiable.



Local uniform continuity (between bv,(R))

Theorem

The composition operator Cr maps bvi(R) into bv,(R) and is
locally uniformly continuous, if the function f: R — R satisfies one
of the following conditions:

. f is continuously differentiable,

. f is Holder continuous on bounded subsets of R with exponent «
such that % <a<l.



Local uniform continuity (from bv;(E))

Theorem

Let E be a Banach space. Assume that the composition operator
Cr maps:

- bvi(E) into ¢(E) or

-bvi(E) into I°°(E).

Then, Cs is locally uniformly continuous if and only if f is.



Local uniform continuity (between bv,(E))

Cr i bvp(E) — bvg(E) for 1 < p < g < 400
77



Uniform continuity (between bv,(E))

Let 1 < p < g < 400 and let E be a Banach space when p = 1,
and a normed space when p > 1.

Theorem
Assume that Cf maps bv,(E) into bvg(E). Then, the following
conditions are equivalent:

. C¢ is Lipschitz continuous,

2. Cr is uniformly continuous,

. the map ¢(u) := f(u) — f(0) is a continuous linear endomorphism
of E.



Uniform continuity (between bv,(R))

Corollary

Cr maps bvy(R) into bvg(R) is uniformly continuous (or,
equivalently, Lipschitz continuous) if and only if its generator
f: R — R is of the form f(u) = au + b for some a, b € R.



References

. F. Basar, B. Altay, M. Mursaleen, Some generalizations of the space by,
of p-bounded variation sequences, Nonlinear Analysis. Theory, Methods
& Applications. An International Multidisciplinary Journal, 68, 2008,
273-287.

. F. Basar, B. Altay, On the space of sequences of p-bounded variation and
related matrix mappings, Ukrain. Mat. Zh., 55, 2003, 108-118.

. D. Bugajewska, P. Kasprzak, Composition operators in bv,-spaces, part I:
acting conditions and boundedness, Banach Journal of Mathematical
Analysis 19, 2025, 1-32.

. D. Bugajewska, P. Kasprzak, Composition operators in bv,-spaces, part
Il: continuity and compactness.



Thank you for your attention!



