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PART ONE: Classification problems and Descriptive Set Theory
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Classification problems

Motivation. In mathematics we often try to classify certain objects.
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Classification problems

Motivation. In mathematics we often try to classify certain objects.
@ Vector spaces are isomorphic iff they have the same dimension
@ Compact orientable surfaces are homeomorphic iff they have the same genus

@ Complex square matrices are similar iff they have the same set eigenvalues considered with
their multiplicities
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Borel reduction

A Polish space is a separable and completely metrizable topological space.
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Borel reduction

A Polish space is a separable and completely metrizable topological space.

Definition
Let X, Y be Polish spaces and let E, F equivalence relations on X, Y respectively.
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Borel reduction

A Polish space is a separable and completely metrizable topological space.

Definition

Let X, Y be Polish spaces and let E, F equivalence relations on X, Y respectively. E is said to
be Borel reducible to F, if there is a Borel mapping f : X — Y such that for every a,b € X we
have aEb < f(a)Ff(b). We denote it by

E<gF.
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Borel reduction

A Polish space is a separable and completely metrizable topological space.

Definition

Let X, Y be Polish spaces and let E, F equivalence relations on X, Y respectively. E is said to
be Borel reducible to F, if there is a Borel mapping f : X — Y such that for every a,b € X we
have aEb < f(a)Ff(b). We denote it by

E<gF.

We say that E and F are Borel bireducible if E <g F and F <g E. We denote it by

E ~gF.
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Borel reduction

A Polish space is a separable and completely metrizable topological space.

Definition

Let X, Y be Polish spaces and let E, F equivalence relations on X, Y respectively. E is said to
be Borel reducible to F, if there is a Borel mapping f : X — Y such that for every a,b € X we
have aEb < f(a)Ff(b). We denote it by

E<pF.
We say that E and F are Borel bireducible if E <g F and F <g E. We denote it by
E~pF.

Example 1: X is uncountable Polish space, equality =x on X is equivalence relation. Then =x
is Borel bireducible with =g (Borel Isomorphism Theorem).
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Borel reduction

A Polish space is a separable and completely metrizable topological space.

Definition

Let X, Y be Polish spaces and let E, F equivalence relations on X, Y respectively. E is said to
be Borel reducible to F, if there is a Borel mapping f : X — Y such that for every a,b € X we
have aEb < f(a)Ff(b). We denote it by

E<pF.
We say that E and F are Borel bireducible if E <g F and F <g E. We denote it by
E~pF.

Example 1: X is uncountable Polish space, equality =x on X is equivalence relation. Then =x
is Borel bireducible with =g (Borel Isomorphism Theorem).

Example 2: U(n) := {U € C"*": U'is unitary matrix} C C"*" is Polish space.

Marek Cuath Descriptive set theory in Banach spaces |



Borel reduction

A Polish space is a separable and completely metrizable topological space.

Definition

Let X, Y be Polish spaces and let E, F equivalence relations on X, Y respectively. E is said to
be Borel reducible to F, if there is a Borel mapping f : X — Y such that for every a,b € X we
have aEb < f(a)Ff(b). We denote it by

E<pF.
We say that E and F are Borel bireducible if E <g F and F <g E. We denote it by
E~pF.

Example 1: X is uncountable Polish space, equality =x on X is equivalence relation. Then =x
is Borel bireducible with =g (Borel Isomorphism Theorem).

Example 2: U(n) := {U € C"*"; U s unitary matrix} C C"*" is Polish space. Consider
E:={(AB) e U(n) x U(n): 3V € U(n) : A= VBV*}.
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Borel reduction

A Polish space is a separable and completely metrizable topological space.

Definition

Let X, Y be Polish spaces and let E, F equivalence relations on X, Y respectively. E is said to
be Borel reducible to F, if there is a Borel mapping f : X — Y such that for every a,b € X we
have aEb < f(a)Ff(b). We denote it by

E<gF.

We say that E and F are Borel bireducible if E <g F and F <g E. We denote it by

E ~gF.

Example 1: X is uncountable Polish space, equality =x on X is equivalence relation. Then =x
is Borel bireducible with =g (Borel Isomorphism Theorem).

Example 2: U(n) := {U € C"*"; U s unitary matrix} C C"*" is Polish space. Consider
E :={(A B) € U(n) x U(n): 3V € U(n) : A= VBV*}.The mapping assigning to a matrix its
eigenvalues with their multiplicities

Un)s A (€91,...,e"%) e Cn.

witnesses that E is Borel reducible to =g.
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Coding of compact/Polish/Banach spaces: X universal space (e.g. X = [0, 1]N for compact
metric spaces, X = C([0, 1]) for Polish/Banach spaces). Consider the space of all

compact metric spaces K(X) := {K C X: K is compact},
Polish spaces F(X) := {M C X: M closed},
separable Banach spaces SB(X) := {Z C X: Zis closed subspace}.
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Coding of compact/Polish/Banach spaces: X universal space (e.g. X = [0, 1]N for compact
metric spaces, X = C([0, 1]) for Polish/Banach spaces). Consider the space of all

compact metric spaces K(X) := {K C X: K is compact},
Polish spaces F(X) := {M C X: M closed},
separable Banach spaces SB(X) := {Z C X: Zis closed subspace}.

Pick P(X) € {K(X), F(X), SB(X)}. There exists a Polish topology = on P(X) such that Borel
sets of (P(X), 7) are generated by sets of the form

EY(U):={Y€P(X): YNU#0}, UC X open.
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Coding of compact/Polish/Banach spaces: X universal space (e.g. X = [0, 1]N for compact
metric spaces, X = C([0, 1]) for Polish/Banach spaces). Consider the space of all

compact metric spaces K(X) := {K C X: K is compact},
Polish spaces F(X) := {M C X: M closed},
separable Banach spaces SB(X) := {Z C X: Zis closed subspace}.

Pick P(X) € {K(X), F(X), SB(X)}. There exists a Polish topology = on P(X) such that Borel
sets of (P(X), 7) are generated by sets of the form

EY(U):={Y€P(X): YNU#0}, UC X open.

(If P(X) = K(X), 7 is the Vietoris topology, otherwise there is no natural choice of topology 7.)
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Coding of compact/Polish/Banach spaces: X universal space (e.g. X = [0, 1]N for compact
metric spaces, X = C([0, 1]) for Polish/Banach spaces). Consider the space of all

compact metric spaces K(X) := {K C X: K is compact},
Polish spaces F(X) := {M C X: M closed},
separable Banach spaces SB(X) := {Z C X: Zis closed subspace}.

Pick P(X) € {K(X), F(X), SB(X)}. There exists a Polish topology = on P(X) such that Borel
sets of (P(X), 7) are generated by sets of the form

ET(U):={YeP(X): YNU#0}, UCcC Xopen.
(If P(X) = K(X), 7 is the Vietoris topology, otherwise there is no natural choice of topology 7.)
Examples of equivalence relations:

Hom := {(K, L) € K(X): K is homeomorphic with L},
Iso := {(M, N) € F(X): Mis isometric with N},
IsoBanach := {(Y,Z) € SB(X): Y is linearly isometric with Z}.
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Coding of compact/Polish/Banach spaces: X universal space (e.g. X = [0, 1]N for compact
metric spaces, X = C([0, 1]) for Polish/Banach spaces). Consider the space of all

compact metric spaces K(X) := {K C X: K is compact},
Polish spaces F(X) := {M C X: M closed},
separable Banach spaces SB(X) := {Z C X: Zis closed subspace}.

Pick P(X) € {K(X), F(X), SB(X)}. There exists a Polish topology = on P(X) such that Borel
sets of (P(X), 7) are generated by sets of the form

ET(U):={YeP(X): YNU#0}, UCcC Xopen.
(If P(X) = K(X), 7 is the Vietoris topology, otherwise there is no natural choice of topology 7.)
Examples of equivalence relations:

Hom := {(K, L) € K(X): K is homeomorphic with L},
Iso := {(M, N) € F(X): Mis isometric with N},
IsoBanach := {(Y,Z) € SB(X): Y is linearly isometric with Z}.

Those are not Borel, so they are not Borel reducible to =g.
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Map of classication problems:

R/Q := {(x,y) € R?; x — y € Q} (R/Q is Borel bireducible with )
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Map of classication problems:

R/Q := {(x,y) € R? x —y € Q} (R/Q is Borel bireducible with Ey)

Orbit ~ Eg :={(x,y) € X2, 3g€ G: gx =y}
(G x X — X is Borel action of a Polish group G on a Polish space X.)
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Map of classication problems:

R/Q := {(x,y) € R? x —y € Q} (R/Q is Borel bireducible with Ey)

Orbit ~ Eg :={(x,y) € X2, 3g€ G: gx =y}
(G x X — X is Borel action of a Polish group G on a Polish space X.)

For example: Ei, := {(Y,X) € SB(X)?; 3T € Iso(X): TY = Z}
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Map of classication problems:

R/Q := {(x,y) € R? x —y € Q} (R/Q is Borel bireducible with Ey)
Orbit ~ Eg :={(x,y) € X2, g€ G: gx = y}

(G x X — X is Borel action of a Polish group G on a Polish space X.)
For example: Ei, := {(Y,X) € SB(X)?; 3T € Iso(X): TY = Z}

Note: Eg C X? is always analytic (= continuous image of Borel subset of Polish space), it might
not be Borel.
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Map of classication problems:

For any Borel equivalence relation E on

a Polish space X, we have:

(S) either E <g=pN Or =p<pg E (Silver
Dichotomy 1980),

R/Q := {(x,y) € R? x —y € Q} (R/Q is Borel bireducible with Ey)
Orbit ~ Eg := {(x,y) € X2, 3g€ G: gx = y}

(G x X — X is Borel action of a Polish group G on a Polish space X.)
For example: Ei, := {(Y,X) € SB(X)?; 3T € Iso(X): TY = Z}

Note: Eg C X? is always analytic (= continuous image of Borel subset of Polish space), it might
not be Borel.
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Map of classication problems:

For any Borel equivalence relation E on

a Polish space X, we have:

(S) either E <g=pN Or =p<pg E (Silver
Dichotomy 1980),

(G) either E <g=g or R/Q <gE
(Glimm—Effros Dichotomy 1990)

R/Q := {(x,y) € R? x —y € Q} (R/Q is Borel bireducible with Ey)
Orbit ~ Eg := {(x,y) € X2, 3g€ G: gx = y}

(G x X — X is Borel action of a Polish group G on a Polish space X.)
For example: Ei, := {(Y,X) € SB(X)?; 3T € Iso(X): TY = Z}

Note: Eg C X? is always analytic (= continuous image of Borel subset of Polish space), it might
not be Borel.
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Map of classication problems:

Euniv For any Borel equivalence relation E on
a Polish space X, we have:
Eon (S) either E <g=pN Or =p<pg E (Silver

Dichotomy 1980),
(G) either E <g=g or R/Q <gE
(Glimm—Effros Dichotomy 1990)

Eop = universal orbit equivalence,
E.niv = universal analytic equivalence.

R/Q := {(x,y) € R? x —y € Q} (R/Q is Borel bireducible with Ey)

Orbit ~ Eg :={(x,y) € X?; 3g€ G: gx =y}

(G x X — X is Borel action of a Polish group G on a Polish space X.)

For example: Ei, := {(Y,X) € SB(X)?; 3T € Iso(X): TY = Z}

Note: Eg C X? is always analytic (= continuous image of Borel subset of Polish space), it might
not be Borel.
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Examples of classification problems

Classification problems Borel bireducible with =g:
@ finite-dimensional Banach spaces up to isometry (folklore),
@ compact metric spaces up to isometry (essentially Gromov).
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Examples of classification problems

Classification problems Borel bireducible with =g:
@ finite-dimensional Banach spaces up to isometry (folklore),
@ compact metric spaces up to isometry (essentially Gromov).
Classification problems Borel bireducible with R/Q:

@ arc-connection relation of points in Knaster continuum
(Hevessy-Uyar-Vejnar, 2026).
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Examples of classification problems

Classification problems Borel bireducible with =g:
@ finite-dimensional Banach spaces up to isometry (folklore),
@ compact metric spaces up to isometry (essentially Gromov).
Classification problems Borel bireducible with R/Q:

@ arc-connection relation of points in Knaster continuum
(Hevessy-Uyar-Vejnar, 2026).

Classification problems Borel bireducible with Eqp:

separable complete metric spaces up to isometry (Gao-Kechris, 2003),
separable Banach spaces up to linear isometry (Melleray, 2007),

metric compact spaces up to homeomorphism (Zielinski, 2016),

separable C*-algebras up to x-isomorphism (Sabok, 2016),

continuous retracts of [0, 1]N up to homeomorphism (Krupski-Vejnar, 2020).
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Examples of classification problems

Classification problems Borel bireducible with =g:
@ finite-dimensional Banach spaces up to isometry (folklore),
@ compact metric spaces up to isometry (essentially Gromov).
Classification problems Borel bireducible with R/Q:

@ arc-connection relation of points in Knaster continuum
(Hevessy-Uyar-Vejnar, 2026).

Classification problems Borel bireducible with Eqp:

@ separable complete metric spaces up to isometry (Gao-Kechris, 2003),

@ separable Banach spaces up to linear isometry (Melleray, 2007),

@ metric compact spaces up to homeomorphism (Zielinski, 2016),

@ separable C*-algebras up to x-isomorphism (Sabok, 2016),

@ continuous retracts of [0, 1]N up to homeomorphism (Krupski-Vejnar, 2020).
Classification problems bireducible with E,;y:

@ separable Banach spaces up to linear isomorphism (Ferenczi-Louveau-Rosendal, 2009).
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Part Il

PART TWO: Descriptive Set Theory in Banach spaces (overview)
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DST in Banach spaces - Ergodic Banach spaces

SB := SB(C([0,1])) = {X C €([0,1]); X is closed subspace},
SBs := {X C C([0,1]); X is co-dim closed subspace} .. class of separable infinite-dimensional
Banach spaces.

1. Ergodic Banach spaces

Gowers-Maurey (1993): Let X € SBo, be isomorphic to all its subspaces (closed, co-dim). Then
X ~ 62.
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DST in Banach spaces - Ergodic Banach spaces

SB := SB(C([0,1])) = {X C €([0,1]); X is closed subspace},
SBs := {X C C([0,1]); X is co-dim closed subspace} .. class of separable infinite-dimensional
Banach spaces.

1. Ergodic Banach spaces

Gowers-Maurey (1993): Let X € SBo, be isomorphic to all its subspaces (closed, co-dim). Then
X ~ 62.

Question (Godefroy, Johnson): If X # ¢, how many non-isomorphic SB. subspaces can X
have? Is it possible there are only two?
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DST in Banach spaces - Ergodic Banach spaces

SB := SB(C([0,1])) = {X C €([0,1]); X is closed subspace},
SBs := {X C C([0,1]); X is co-dim closed subspace} .. class of separable infinite-dimensional
Banach spaces.

1. Ergodic Banach spaces

Gowers-Maurey (1993): Let X € SBo, be isomorphic to all its subspaces (closed, co-dim). Then
X~ 62.

Question (Godefroy, Johnson): If X # ¢, how many non-isomorphic SB. subspaces can X
have? Is it possible there are only two?

Definition (Ferenczi-Rosendal, 2005): X € SB is ergodic if R/Q is Borel reducible to
{(Z,Y) € SB(X)?;, Y ~ Z}.

(Ergodic Banach spaces have continuum many non-isomorphic subspaces, those cannot be
classified by real numbers.)
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DST in Banach spaces - Ergodic Banach spaces

SB := SB(C([0,1])) = {X C €([0,1]); X is closed subspace},
SBs := {X C C([0,1]); X is co-dim closed subspace} .. class of separable infinite-dimensional
Banach spaces.

1. Ergodic Banach spaces

Gowers-Maurey (1993): Let X € SBo, be isomorphic to all its subspaces (closed, co-dim). Then
X~ 62.

Question (Godefroy, Johnson): If X # ¢, how many non-isomorphic SB. subspaces can X
have? Is it possible there are only two?

Definition (Ferenczi-Rosendal, 2005): X € SB is ergodic if R/Q is Borel reducible to
{(Z,Y) € SB(X)?;, Y ~ Z}.

(Ergodic Banach spaces have continuum many non-isomorphic subspaces, those cannot be
classified by real numbers.)

Conjecture (Ferenczi-Rosendal, 2005): If X # ¢ is SB~ space, then X is ergodic.

Some results supporting the conjecture:

@ Anisca, 2010: If X 2 ¢, is asymptotically Hilbertian, then it is ergodic.
(X is asymptotically Hilbertian if

IK>1VYneNIY C X, dm(X/Y) <oo: VECY,dmE=n= E 2 ¢])
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DST in Banach spaces - Ergodic Banach spaces

SB := SB(C([0,1])) = {X C €([0,1]); X is closed subspace},
SBs := {X C C([0,1]); X is co-dim closed subspace} .. class of separable infinite-dimensional
Banach spaces.

1. Ergodic Banach spaces

Gowers-Maurey (1993): Let X € SBo, be isomorphic to all its subspaces (closed, co-dim). Then
X~ 62.

Question (Godefroy, Johnson): If X # ¢, how many non-isomorphic SB. subspaces can X
have? Is it possible there are only two?

Definition (Ferenczi-Rosendal, 2005): X € SB is ergodic if R/Q is Borel reducible to
{(Z,Y) € SB(X)?;, Y ~ Z}.

(Ergodic Banach spaces have continuum many non-isomorphic subspaces, those cannot be
classified by real numbers.)

Conjecture (Ferenczi-Rosendal, 2005): If X # ¢ is SB~ space, then X is ergodic.

Some results supporting the conjecture:

@ Anisca, 2010: If X 2 ¢, is asymptotically Hilbertian, then it is ergodic.
(X is asymptotically Hilbertian if

IK>1VYneNIY C X, dm(X/Y) <oo: VECY,dmE=n= E 2 ¢])

@ Cuellar Carrera, 2018: If X # £5 is not near Hilbert, then it is ergodic.
(X is near Hilbert if it has type p and cotype gforall1 < p <2 < q < .)
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DST in Banach spaces - Ergodic Banach spaces

SB := SB(C([0,1])) = {X C €([0,1]); X is closed subspace},
SBs := {X C C([0,1]); X is co-dim closed subspace} .. class of separable infinite-dimensional
Banach spaces.

1. Ergodic Banach spaces

Gowers-Maurey (1993): Let X € SBo, be isomorphic to all its subspaces (closed, co-dim). Then
X~ 62.

Question (Godefroy, Johnson): If X # ¢, how many non-isomorphic SB. subspaces can X
have? Is it possible there are only two?

Definition (Ferenczi-Rosendal, 2005): X € SB is ergodic if R/Q is Borel reducible to
{(Z,Y) € SB(X)?;, Y ~ Z}.

(Ergodic Banach spaces have continuum many non-isomorphic subspaces, those cannot be
classified by real numbers.)

Conjecture (Ferenczi-Rosendal, 2005): If X # ¢ is SB~ space, then X is ergodic.

Some results supporting the conjecture:

@ Anisca, 2010: If X 2 ¢, is asymptotically Hilbertian, then it is ergodic.
(X is asymptotically Hilbertian if

IK>1VYneNIY C X, dm(X/Y) <oo: VECY,dmE=n= E 2 ¢])

@ Cuellar Carrera, 2018: If X # £5 is not near Hilbert, then it is ergodic.
(X is near Hilbert if it has type p and cotype gforall1 < p <2 < q < .)

@ de Rancourt-Kurka, 2026: If X # ¢, is Orlicz sequence space, then it is ergodic.
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DST in Banach spaces - Universal objects

Recall that Tr denotes the compact metric space of trees of finite sequences of natural numbers,
that is, subtrees of ¢, w".
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DST in Banach spaces - Universal objects

Recall that Tr denotes the compact metric space of trees of finite sequences of natural numbers,
that is, subtrees of ¢, w".

Atree T € Tris said to be well-founded if it has no infinite branch, and ill-founded otherwise.
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DST in Banach spaces - Universal objects

Recall that Tr denotes the compact metric space of trees of finite sequences of natural numbers,
that is, subtrees of ¢, w".

Atree T € Tris said to be well-founded if it has no infinite branch, and ill-founded otherwise.

The sets of well-founded and ill-founded trees are denoted by WF and IF, respectively.
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DST in Banach spaces - Universal objects

Recall that Tr denotes the compact metric space of trees of finite sequences of natural numbers,
that is, subtrees of ¢, w".
Atree T € Tris said to be well-founded if it has no infinite branch, and ill-founded otherwise.

The sets of well-founded and ill-founded trees are denoted by WF and IF, respectively.

It is well known that WF is not analytic.
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DST in Banach spaces - Universal objects

Recall that Tr denotes the compact metric space of trees of finite sequences of natural numbers,
that is, subtrees of ¢, w".

Atree T € Tris said to be well-founded if it has no infinite branch, and ill-founded otherwise.
The sets of well-founded and ill-founded trees are denoted by WF and IF, respectively.

It is well known that WF is not analytic.

2. Universal objects

Theorem (Bourgain 80; Bossard 02)

Let X € SB. be universal for all separable reflexive Banach spaces. Then X is universal for
SB.
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DST in Banach spaces - Universal objects

Recall that Tr denotes the compact metric space of trees of finite sequences of natural numbers,
that is, subtrees of ¢, w".

Atree T € Tris said to be well-founded if it has no infinite branch, and ill-founded otherwise.
The sets of well-founded and ill-founded trees are denoted by WF and IF, respectively.

It is well known that WF is not analytic.

2. Universal objects

Theorem (Bourgain 80; Bossard 02)

Let X € SB. be universal for all separable reflexive Banach spaces. Then X is universal for
SB.

Sketch of the proof: There exists a Borel map @ : Tr — SB such that ®(T) is reflexive whenever
T € WF, while ®(T) is universal whenever T € IF.
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DST in Banach spaces - Universal objects

Recall that Tr denotes the compact metric space of trees of finite sequences of natural numbers,
that is, subtrees of ¢, w".

Atree T € Tris said to be well-founded if it has no infinite branch, and ill-founded otherwise.
The sets of well-founded and ill-founded trees are denoted by WF and IF, respectively.

It is well known that WF is not analytic.

2. Universal objects

Theorem (Bourgain 80; Bossard 02)

Let X € SB. be universal for all separable reflexive Banach spaces. Then X is universal for
SB.

Sketch of the proof: There exists a Borel map @ : Tr — SB such that ®(T) is reflexive whenever
T € WF, while ®(T) is universal whenever T € IF. Consider A:={Y € SB; Y — X}, thisis
analytic subset of SB..
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DST in Banach spaces - Universal objects

Recall that Tr denotes the compact metric space of trees of finite sequences of natural numbers,
that is, subtrees of ¢, w".

Atree T € Tris said to be well-founded if it has no infinite branch, and ill-founded otherwise.
The sets of well-founded and ill-founded trees are denoted by WF and IF, respectively.

It is well known that WF is not analytic.

2. Universal objects

Theorem (Bourgain 80; Bossard 02)

Let X € SB. be universal for all separable reflexive Banach spaces. Then X is universal for
SB.

Sketch of the proof: There exists a Borel map @ : Tr — SB such that ®(T) is reflexive whenever
T € WF, while ®(T) is universal whenever T € IF. Consider A:={Y € SB; Y — X}, thisis
analytic subset of SB.,. Hence,

WF C {T € Tr; ¢(T) is reflexive} C ¢~ (A).
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DST in Banach spaces - Universal objects

Recall that Tr denotes the compact metric space of trees of finite sequences of natural numbers,
that is, subtrees of ¢, w".

Atree T € Tris said to be well-founded if it has no infinite branch, and ill-founded otherwise.
The sets of well-founded and ill-founded trees are denoted by WF and IF, respectively.

It is well known that WF is not analytic.

2. Universal objects

Theorem (Bourgain 80; Bossard 02)

Let X € SB. be universal for all separable reflexive Banach spaces. Then X is universal for
SB.

Sketch of the proof: There exists a Borel map @ : Tr — SB such that ®(T) is reflexive whenever
T € WF, while ®(T) is universal whenever T € IF. Consider A:={Y € SB; Y — X}, thisis
analytic subset of SB.,. Hence,

WF C {T € Tr; ¢(T) is reflexive} C ¢~ (A).

Since WF is not analytic and ¢—'(A) is analytic, there exists T € IF with ¢(T) € A,
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DST in Banach spaces - Universal objects

Recall that Tr denotes the compact metric space of trees of finite sequences of natural numbers,
that is, subtrees of ¢, w".

Atree T € Tris said to be well-founded if it has no infinite branch, and ill-founded otherwise.
The sets of well-founded and ill-founded trees are denoted by WF and IF, respectively.

It is well known that WF is not analytic.

2. Universal objects

Theorem (Bourgain 80; Bossard 02)

Let X € SB. be universal for all separable reflexive Banach spaces. Then X is universal for
SB.

Sketch of the proof: There exists a Borel map @ : Tr — SB such that ®(T) is reflexive whenever
T € WF, while ®(T) is universal whenever T € IF. Consider A:={Y € SB; Y — X}, thisis
analytic subset of SB.,. Hence,

WF C {T € Tr; ¢(T) is reflexive} C ¢~ (A).

Since WF is not analytic and ¢—'(A) is analytic, there exists T € IF with ¢(T) € A, then ¢(T) is
universal and ¢(T) < X, so X is universal.
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DST in Banach spaces - Universal objects, overview

2. Universal objects Some more recent results include:

@ Antunes-Braga-Beanland 2021: There exists a separable reflexive Banach space Z with a
Schauder basis such that, whenever X is a separable Banach space isomorphic to L]0, 1]
and T: X — Y is a weakly compact operator, then T factors through Z.
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2. Universal objects Some more recent results include:

@ Antunes-Braga-Beanland 2021: There exists a separable reflexive Banach space Z with a
Schauder basis such that, whenever X is a separable Banach space isomorphic to L]0, 1]
and T: X — Y is a weakly compact operator, then T factors through Z.

@ Smith 2026: New results for Lipschitz-free spaces with basic strategy similar to Bossard’s
argument. Namely

e Let X € SB. be universal for all Lipschitz-free spaces over countable complete discrete metric
spaces. Then X is universal for SB. .
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DST in Banach spaces - Universal objects, overview

2. Universal objects Some more recent results include:

@ Antunes-Braga-Beanland 2021: There exists a separable reflexive Banach space Z with a
Schauder basis such that, whenever X is a separable Banach space isomorphic to L]0, 1]
and T: X — Y is a weakly compact operator, then T factors through Z.

@ Smith 2026: New results for Lipschitz-free spaces with basic strategy similar to Bossard’s
argument. Namely
e Let X € SB. be universal for all Lipschitz-free spaces over countable complete discrete metric
spaces. Then X is universal for SB. .
@ There exists countable complete discrete metric space M such that the Lipschitz-free space F(M)
has AP, but not BAP.
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SB.
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SB.
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M).

Marek Cuath Descriptive set theory in Banach spaces |



Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB. be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SBo..
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB. be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SBo..
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 1. above: Start with M = ¢;. It is known that (M) = F(¢) is
universal.
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB. be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SBo..
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 1. above: Start with M = ¢;. It is known that (M) = F(¢) is
universal.Applying Lemma above, we obtain Borel map ¢ : Tr — SB such that (T) € D if

T € WF and otherwise F(cp) & ®(T) and therefore ®(T) is universal.
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Let us see argument of R. Smith implying the following.
1. Let X € SB. be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SBo..
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 1. above: Start with M = ¢;. It is known that (M) = F(¢) is
universal.Applying Lemma above, we obtain Borel map ¢ : Tr — SB such that (T) € D if

T € WF and otherwise F(cy) A ®(T) and therefore ®(T) is universal. Consider
A:={Y € SBw; Y — X}, this is analytic subset of SB.
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB. be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SBo..
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 1. above: Start with M = ¢;. It is known that (M) = F(¢) is
universal.Applying Lemma above, we obtain Borel map ¢ : Tr — SB such that (T) € D if

T € WF and otherwise F(cy) A ®(T) and therefore ®(T) is universal. Consider
A:={Y € SBw; Y — X}, this is analytic subset of SB.. Hence,

WF C {T €Tr; ¢(T) € D} C ¢~ "(A).
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB. be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SBo..
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 1. above: Start with M = ¢;. It is known that (M) = F(¢) is
universal.Applying Lemma above, we obtain Borel map ¢ : Tr — SB such that (T) € D if

T € WF and otherwise F(cy) A ®(T) and therefore ®(T) is universal. Consider
A:={Y € SBw; Y — X}, this is analytic subset of SB.. Hence,

WF C {T €Tr; ¢(T) € D} C ¢~ "(A).

Since WF is not analytic and ¢—'(A) is analytic, there exists T € IF with ¢(T) € A,
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB. be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SBo..
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 1. above: Start with M = ¢;. It is known that (M) = F(¢) is
universal.Applying Lemma above, we obtain Borel map ¢ : Tr — SB such that (T) € D if

T € WF and otherwise F(cy) A ®(T) and therefore ®(T) is universal. Consider
A:={Y € SBw; Y — X}, this is analytic subset of SB.. Hence,

WF C {T €Tr; ¢(T) € D} C ¢~ "(A).

Since WF is not analytic and ¢—'(A) is analytic, there exists T € IF with ¢(T) € A, then ¢(T) is
universal and ¢(T) — X, so X is universal.
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SB...
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 2. above: Prerequisites concerning Lipschitz-free spaces: any X € D has
AP; given separable Banach space E we have E A F(E).
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SB...
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 2. above: Prerequisites concerning Lipschitz-free spaces: any X € D has
AP; given separable Banach space E we have E A F(E).

Start with Enflo’s space E (any separable Banach space without AP). Applying Lemma above,
we obtain Borel map ¢ : Tr — SB such that (T) € D if T € WF and otherwise

E <& F(E) S o(T) and therefore &(T) does not have AP.
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SB...
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 2. above: Prerequisites concerning Lipschitz-free spaces: any X € D has
AP; given separable Banach space E we have E A F(E).

Start with Enflo’s space E (any separable Banach space without AP). Applying Lemma above,
we obtain Borel map ¢ : Tr — SB such that (T) € D if T € WF and otherwise

ES F(E) A ®(T) and therefore ®(T) does not have AP. Consider
A:={Y € SB; Y has BAP}, this is Borel subset of SB.
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SB...
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 2. above: Prerequisites concerning Lipschitz-free spaces: any X € D has
AP; given separable Banach space E we have E A F(E).

Start with Enflo’s space E (any separable Banach space without AP). Applying Lemma above,
we obtain Borel map ¢ : Tr — SB such that (T) € D if T € WF and otherwise

ES F(E) A ®(T) and therefore ®(T) does not have AP. Consider
A:={Y € SBw; Y has BAP}, this is Borel subset of SB... Hence,

{T €Tr; &(T) € A} C WF.
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Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SB...
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 2. above: Prerequisites concerning Lipschitz-free spaces: any X € D has
AP; given separable Banach space E we have E A F(E).

Start with Enflo’s space E (any separable Banach space without AP). Applying Lemma above,
we obtain Borel map ¢ : Tr — SB such that (T) € D if T € WF and otherwise

ES F(E) A ®(T) and therefore ®(T) does not have AP. Consider
A:={Y € SBw; Y has BAP}, this is Borel subset of SB... Hence,

{T €Tr, &(T) e A} C WF.
Since ¢~ 1(A) is analytic (even Borel) and WF is not analytic, there exists T € WF with
o(T) & A,



Smith’s argument

Let us see argument of R. Smith implying the following.
1. Let X € SB be universal for all Lipschitz-free spaces over countable complete discrete
metric spaces. Then X is universal for SB...
2. There exists countable complete discrete metric space M such that the Lipschitz-free space
F(M) has AP, but not BAP.
Given a metric space M, there exists a canonical predual of Lipg(M), so-called Lipschitz-free
space, denoted by F(M). Denote by D Banach spaces which are linearly isometric to (M) for
some M being infinite countable complete discrete metric space.

For any M complete separable metric space, there exists a Borel map  : Tr — SB such that
each ®(T) is isometric to a Lipschitz-free space, (T) € D if T € WF and otherwise

F(M) S o(T).

Sketch of the proof of 2. above: Prerequisites concerning Lipschitz-free spaces: any X € D has
AP; given separable Banach space E we have E A F(E).

Start with Enflo’s space E (any separable Banach space without AP). Applying Lemma above,
we obtain Borel map ¢ : Tr — SB such that (T) € D if T € WF and otherwise

ES F(E) A ®(T) and therefore ®(T) does not have AP. Consider
A:={Y € SBw; Y has BAP}, this is Borel subset of SB... Hence,

{T €Tr; &(T) € A} C WF.

Since ¢~ 1(A) is analytic (even Borel) and WF is not analytic, there exists T € WF with
o(T) ¢ A then ¢(T) € D and ¢(T) does not have BAP.
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DST in Banach spaces - complexities of classes of Banach spaces

3. Complexities of classes of Banach spaces
Bossard (1993): { X € SB : X is not reflexive} C SB is not a Borel set
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DST in Banach spaces - complexities of classes of Banach spaces

3. Complexities of classes of Banach spaces
Bossard (1993): { X € SB : X is not reflexive} C SB is not a Borel set

CDDK (2019): For every locally finite metric space M the set
{X € SBs: M bi-Lipschitz embeds into X}

is Borel.
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DST in Banach spaces - complexities of classes of Banach spaces

3. Complexities of classes of Banach spaces
Bossard (1993): { X € SB : X is not reflexive} C SB is not a Borel set

CDDK (2019): For every locally finite metric space M the set
{X € SBs: M bi-Lipschitz embeds into X}
is Borel.

Application: There does not exist a locally finite metric space M such that any co-dim. sep.
Banach space X is not reflexive iff M admits a bilipschitz embeddings into X.
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DST in Banach spaces - complexities of classes of Banach spaces

3. Complexities of classes of Banach spaces
Bossard (1993): { X € SB : X is not reflexive} C SB is not a Borel set

CDDK (2019): For every locally finite metric space M the set
{X € SBs: M bi-Lipschitz embeds into X}
is Borel.

Application: There does not exist a locally finite metric space M such that any co-dim. sep.
Banach space X is not reflexive iff M admits a bilipschitz embeddings into X.

Remark: For superreflexive spaces such M does exist
(Bourgain 86, Baudier 07)

“Problems” with coding SB..: not very pleasant to work with, does not distinguish between Borel
classes (topology not naturally given)
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Part Il

PART THREE: Complexities of classes of Banach spaces with emphasis on isometry classes
(overview)
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Coding of Polish/Banach spaces |l

Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,
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Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,

Every f € M is then a code for a Polish metric space My, which is the completion of (N, f).
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Coding of Polish/Banach spaces |l

Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,

Every f € M is then a code for a Polish metric space My, which is the completion of (N, f).

We refer to M as to the “space of all infinite Polish metric spaces”.
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Coding of Polish/Banach spaces |l

Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,

Every f € M is then a code for a Polish metric space My, which is the completion of (N, f).
We refer to M as to the “space of all infinite Polish metric spaces”.

Fact: Given an isometrically universal metric space U, there exists a Borel isomorphism
@ : F(U) — M such that M,y is isometric to X for every X € F(U).
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Coding of Polish/Banach spaces |l

Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,

Every f € M is then a code for a Polish metric space My, which is the completion of (N, f).
We refer to M as to the “space of all infinite Polish metric spaces”.

Fact: Given an isometrically universal metric space U, there exists a Borel isomorphism

@ : F(U) — M such that M,y is isometric to X for every X € F(U).

Coding of Banach spaces (C-Dolezal-Doucha-Kurka 2022): Let V be the vector space over Q
of all finitely supported sequences of rational numbers (“V = Q-cyp”).
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Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,

Every f € M is then a code for a Polish metric space My, which is the completion of (N, f).
We refer to M as to the “space of all infinite Polish metric spaces”.

Fact: Given an isometrically universal metric space U, there exists a Borel isomorphism

@ : F(U) — M such that M,y is isometric to X for every X € F(U).

Coding of Banach spaces (C-Dolezal-Doucha-Kurka 2022): Let V be the vector space over Q
of all finitely supported sequences of rational numbers (“V = Q-cyp”).

B ={ue[0,00)": pcan be extended to a norm on cog}.
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Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,

Every f € M is then a code for a Polish metric space My, which is the completion of (N, f).
We refer to M as to the “space of all infinite Polish metric spaces”.

Fact: Given an isometrically universal metric space U, there exists a Borel isomorphism
@ : F(U) — M such that M,y is isometric to X for every X € F(U).

Coding of Banach spaces (C-Dolezal-Doucha-Kurka 2022): Let V be the vector space over Q
of all finitely supported sequences of rational numbers (“V = Q-cyp”).

B ={ue[0,00)": pcan be extended to a norm on cog}.

Fact: B c RY is Gs subset (thus, B is Polish)
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Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,

Every f € M is then a code for a Polish metric space My, which is the completion of (N, f).
We refer to M as to the “space of all infinite Polish metric spaces”.

Fact: Given an isometrically universal metric space U, there exists a Borel isomorphism

@ : F(U) — M such that M,y is isometric to X for every X € F(U).

Coding of Banach spaces (C-Dolezal-Doucha-Kurka 2022): Let V be the vector space over Q
of all finitely supported sequences of rational numbers (“V = Q-cyp”).

B ={ue[0,00)": pcan be extended to a norm on cog}.

Fact: B c RY is Gs subset (thus, B is Polish)
We identify each p € B with the Banach space X, := (coo, it)-
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Coding of Polish/Banach spaces |l

Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,

Every f € M is then a code for a Polish metric space My, which is the completion of (N, f).
We refer to M as to the “space of all infinite Polish metric spaces”.

Fact: Given an isometrically universal metric space U, there exists a Borel isomorphism

@ : F(U) — M such that M,y is isometric to X for every X € F(U).

Coding of Banach spaces (C-Dolezal-Doucha-Kurka 2022): Let V be the vector space over Q
of all finitely supported sequences of rational numbers (“V = Q-cyp”).

B ={ue[0,00)": pcan be extended to a norm on cog}.

Fact: B c RY is Gs subset (thus, B is Polish)
We identify each p € B with the Banach space X, := (coo, it)-
Every separable infinite-dimensional Banach space is linearly isometric to X, for some p € B.
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Coding of Polish/Banach spaces |l

Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,

Every f € M is then a code for a Polish metric space My, which is the completion of (N, f).
We refer to M as to the “space of all infinite Polish metric spaces”.

Fact: Given an isometrically universal metric space U, there exists a Borel isomorphism

@ : F(U) — M such that M,y is isometric to X for every X € F(U).

Coding of Banach spaces (C-Dolezal-Doucha-Kurka 2022): Let V be the vector space over Q
of all finitely supported sequences of rational numbers (“V = Q-cyp”).

B ={ue[0,00)": pcan be extended to a norm on cog}.

Fact: B c RY is Gs subset (thus, B is Polish)
We identify each p € B with the Banach space X, := (coo, it)-

Every separable infinite-dimensional Banach space is linearly isometric to X, for some p € B.
(Proof: pick {xn; n € N} with span{x,} = X. Consider (3" cn @n€n) := || 2o ey anXall for
a € Cyo- Then e — xp extends to isometry between X, and X.)
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Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,

Every f € M is then a code for a Polish metric space My, which is the completion of (N, f).
We refer to M as to the “space of all infinite Polish metric spaces”.

Fact: Given an isometrically universal metric space U, there exists a Borel isomorphism
@ : F(U) — M such that M,y is isometric to X for every X € F(U).

Coding of Banach spaces (C-Dolezal-Doucha-Kurka 2022): Let V be the vector space over Q
of all finitely supported sequences of rational numbers (“V = Q-cyp”).

B ={ue[0,00)": pcan be extended to a norm on cog}.

Fact: B c RY is Gs subset (thus, B is Polish)
We identify each p € B with the Banach space X, := (coo, it)-

Every separable infinite-dimensional Banach space is linearly isometric to X, for some p € B.
(Proof: pick {xn; n € N} with span{x,} = X. Consider (3" cn @n€n) := || 2o ey anXall for
a € Cyo- Then e — xp extends to isometry between X, and X.)

Fact: For every universal separable Banach space X, there exists a Borel isomorphism
©: B — SBoo(X) such that ©(v) is linearly isometric to X, for every v € B.
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Coding of metric spaces (Vershik 1998): M =space of all metrics on N. On M we consider a
Polish topology inherited from RN*N,

Every f € M is then a code for a Polish metric space My, which is the completion of (N, f).
We refer to M as to the “space of all infinite Polish metric spaces”.

Fact: Given an isometrically universal metric space U, there exists a Borel isomorphism
@ : F(U) — M such that M,y is isometric to X for every X € F(U).

Coding of Banach spaces (C-Dolezal-Doucha-Kurka 2022): Let V be the vector space over Q
of all finitely supported sequences of rational numbers (“V = Q-cyp”).

B ={ue[0,00)": pcan be extended to a norm on cog}.

Fact: B c RY is Gs subset (thus, B is Polish)
We identify each p € B with the Banach space X, := (coo, it)-

Every separable infinite-dimensional Banach space is linearly isometric to X, for some p € B.
(Proof: pick {xn; n € N} with span{x,} = X. Consider (3" cn @n€n) := || 2o ey anXall for
a € Cyo- Then e — xp extends to isometry between X, and X.)

Fact: For every universal separable Banach space X, there exists a Borel isomorphism

©: B — SBoo(X) such that ©(v) is linearly isometric to X, for every v € B.

Remark: Alternative approach suggested by Godefroy and Saint-Raymond 2018, they
considered admissible topologies on SBs.
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