Descriptive set theory in Banach spaces |l

Marek Cuth

Summer School 2026: Topics in Banach Space Theory
Castro Urdiales

Marek Cuath Descriptive set theory in Banach spaces I



Recall from last lecture

Coding of Banach spaces: Let V = cpo(Q) (finitely supported sequences of rational numbers).
B ={ue[0,00)": pcan be extended to a norm on cog}.

Fact: B c RY is Gs subset (thus, B is Polish)
We identify each n € B with the Banach space X, := (coo, it)-
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Recall from last lecture

Coding of Banach spaces: Let V = cpo(Q) (finitely supported sequences of rational numbers).
B ={ue[0,00)": pcan be extended to a norm on cog}.

Fact: B c RY is Gs subset (thus, B is Polish)
We identify each n € B with the Banach space X, := (coo, it)-
Every separable infinite-dimensional Banach space is linearly isometric to X, for some p € B.

Remark 1: Alternative approach suggested by Godefroy and Saint-Raymond 2018, they
considered admissible topologies on SBo.
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Recall from last lecture

Coding of Banach spaces: Let V = cpo(Q) (finitely supported sequences of rational numbers).
B ={ue[0,00)": pcan be extended to a norm on cog}.

Fact: B c RY is Gs subset (thus, B is Polish)
We identify each n € B with the Banach space X, := (coo, it)-
Every separable infinite-dimensional Banach space is linearly isometric to X, for some p € B.

Remark 1: Alternative approach suggested by Godefroy and Saint-Raymond 2018, they
considered admissible topologies on SBo.

Remark 2: Another alternative could be to use
P = {u e [0,00)": u can be extended to a pseudonorm on cyo}
We identify each 1« € P with the Banach space X, := (Coo, 14)/ {x: js(x)=0}-
Poo := {p € P; X, is infinite-dimensional}

Fact: P and P are Gs subsets of RY
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Recall from last lecture

Coding of Banach spaces: Let V = cpo(Q) (finitely supported sequences of rational numbers).
B ={ue[0,00)": pcan be extended to a norm on cog}.

Fact: B c RY is Gs subset (thus, B is Polish)
We identify each n € B with the Banach space X, := (coo, it)-
Every separable infinite-dimensional Banach space is linearly isometric to X, for some p € B.

Remark 1: Alternative approach suggested by Godefroy and Saint-Raymond 2018, they
considered admissible topologies on SBo.

Remark 2: Another alternative could be to use
P = {u e [0,00)": u can be extended to a pseudonorm on cyo}
We identify each 1« € P with the Banach space X, := (Coo, 14)/ {x: js(x)=0}-
Poo := {p € P; X, is infinite-dimensional}

Fact: P and P are Gs subsets of RY

Proposition: There is a F,-measurable mapping ¢ : P, — B such that for every u € Poc We
have XH = Xd)(ﬂ)-
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Motivation - toy example

Complexities of classes of Banach spaces

Bossard (1993): { € B: X, is not reflexive} C B is not a Borel set
CDDK (2019): For every locally finite metric space M the set

{1 € B: M bi-Lipschitz embeds into X, }
is Borel.

Application: There does not exist a locally finite metric space M such that any co-dim. sep.
Banach space X is not reflexive iff M admits a bilipschitz embeddings into X.
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Part Il

PART THREE: Complexities of classes of Banach spaces with emphasis on isometry classes
(overview)
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Complexity of classes of Banach spaces

Recall: Our coding of Banach spaces (sep, co-dim) is

B ={ue[0,00)": 1 can be extended to a norm on cog}.
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Complexity of classes of Banach spaces

Recall: Our coding of Banach spaces (sep, co-dim) is
B ={ue[0,00)": 1 can be extended to a norm on cog}.
Given a oco-dim sep Banach space X, we let

(X)= :={p € B: X, is linearly isometric to X}.

@ (X)= is Borel subset of B (for every co-dim sep X)
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Complexity of classes of Banach spaces

Recall: Our coding of Banach spaces (sep, co-dim) is
B ={ue[0,00)": ucan be extended to a norm on ¢y}
Given a co-dim sep Banach space X, we let
(X)= = {p € B: X, is linearly isometric to X}.

@ (X)= is Borel subset of B (for every co-dim sep X)
@ (lo)= isclosedin B
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Complexity of classes of Banach spaces

Recall: Our coding of Banach spaces (sep, co-dim) is
B ={ue[0,00)": ucan be extended to a norm on ¢y}
Given a co-dim sep Banach space X, we let
(X)= = {p € B: X, is linearly isometric to X}.

@ (X)= is Borel subset of B (for every co-dim sep X)
@ (lo)= isclosedin B

Parallelogram law: X = /¢, iff
Vx,y € X lIx+yIP + [Ix =yl = 2(IIx[ + [ly|I)
Thus,

(o)== [ {n€B: p(x+y)* + n(x —y)? = 2(u(x)* + p(y)?)}
x,yeVv

Marek Cuath Descriptive set theory in Banach spaces Il



Complexity of classes of Banach spaces

Recall: Our coding of Banach spaces (sep, co-dim) is
B ={ue[0,00)": 1 can be extended to a norm on cog}.
Given a oco-dim sep Banach space X, we let

(X)= :={p € B: X, is linearly isometric to X}.

@ (X)= is Borel subset of B (for every co-dim sep X)
@ (lp)= isclosedin B
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Complexity of classes of Banach spaces

Recall: Our coding of Banach spaces (sep, co-dim) is
B ={ue[0,00)": 1 can be extended to a norm on cog}.
Given a oco-dim sep Banach space X, we let

(X)= :={p € B: X, is linearly isometric to X}.

@ (X)= is Borel subset of B (for every co-dim sep X)
@ (lp)= isclosedin B

Proposition

X separable infinite-dimensional, then

X)=

= {n € B: X, finitely representable in X}.
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Complexity of classes of Banach spaces

Recall: Our coding of Banach spaces (sep, co-dim) is
B ={ue[0,00)": 1 can be extended to a norm on cog}.
Given a oco-dim sep Banach space X, we let

(X)= :={p € B: X, is linearly isometric to X}.

@ (X)= is Borel subset of B (for every co-dim sep X)
@ (lp)= isclosedin B

Proposition

X separable infinite-dimensional, then

X)=

= {n € B: X, finitely representable in X}.

@ X is finitely representable in Y iff given E C X finite-dim and € > 0 there exists F C Y
which is (1 4 €)-isomorphic to E.
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Complexity of classes of Banach spaces

Recall: Our coding of Banach spaces (sep, co-dim) is

B ={ue[0,00)": 1 can be extended to a norm on cog}.

Given a oco-dim sep Banach space X, we let

(X)= :={p € B: X, is linearly isometric to X}.

@ (X)= is Borel subset of B (for every co-dim sep X)
@ (lp)= isclosedin B

Proposition
X separable infinite-dimensional, then

(X)= = {p € B: X, finitely representable in X}.

@ X is finitely representable in Y iff given E C X finite-dim and € > 0 there exists F C Y
which is (1 4 €)-isomorphic to E.
Corollary 1: We always have ()= C (X)=.
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Complexity of classes of Banach spaces

Recall: Our coding of Banach spaces (sep, co-dim) is
B ={ue[0,00)": 1 can be extended to a norm on cog}.
Given a oco-dim sep Banach space X, we let

(X)= :={p € B: X, is linearly isometric to X}.

@ (X)= is Borel subset of B (for every co-dim sep X)
@ (lp)= isclosedin B

Proposition

X separable infinite-dimensional, then

(X)= = {p € B: X, finitely representable in X}.

@ X is finitely representable in Y iff given E C X finite-dim and € > 0 there exists F C Y
which is (1 4 €)-isomorphic to E.

Corollary 1: We always have (f2)= C (X)=. In particular, £, is the only Banach space (sep,
oo-dim) whose isometry class is closed.
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Complexity of classes of Banach spaces

Recall: Our coding of Banach spaces (sep, co-dim) is
B ={ue[0,00)": 1 can be extended to a norm on cog}.
Given a oco-dim sep Banach space X, we let

(X)= :={p € B: X, is linearly isometric to X}.

@ (X)= is Borel subset of B (for every co-dim sep X)
@ (lp)= isclosedin B

Proposition

X separable infinite-dimensional, then

(X)= = {p € B: X, finitely representable in X}.

@ X is finitely representable in Y iff given E C X finite-dim and € > 0 there exists F C Y
which is (1 4 €)-isomorphic to E.

Corollary 1: We always have (f2)= C (X)=. In particular, £, is the only Banach space (sep,
oo-dim) whose isometry class is closed.

Corollary 2: ¢ finitely representable in X, then (X)= is dense in .
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Complexity of classes of Banach spaces

Recall: Our coding of Banach spaces (sep, co-dim) is
B ={ue[0,00)": pcan be extended to a norm on cog}.
Given a co-dim sep Banach space X, we let

(X)= = {p € B: X, is linearly isometric to X}.

(X)= is Borel subset of B (for every co-dim sep X)

°
@ ()= isclosedin B

Proposition

X separable infinite-dimensional, then

(X)= = {pn € B: X, finitely representable in X}.

@ X is finitely representable in Y iff given E C X finite-dim and € > 0 there exists F C Y
which is (1 + ¢)-isomorphic to E.
Corollary 1: We always have ()= C (X)=. In particular, ¢, is the only Banach space (sep,
oo-dim) whose isometry class is closed.

Corollary 2: ¢y finitely representable in X, then (X)= is dense in B. In particular, there does not
exist a separable Banach space with open isometry class.
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Isometry classes of separable Banach spaces - overview

Isometry classes of Banach spaces:

C-DolezZal-Doucha-Kurka, 2024
@ (X)= is Borel subset of B (for every co-dim sep X).
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Isometry classes of separable Banach spaces - overview

Isometry classes of Banach spaces:

C-DolezZal-Doucha-Kurka, 2024
@ (X)= is Borel subset of B (for every co-dim sep X). It is never open.
@ (X)=is closed iff X = ¢»
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Isometry classes of separable Banach spaces - overview

Isometry classes of Banach spaces:

C-Dolezal-Doucha-Kurka, 2024
@ (X)= is Borel subset of B (for every co-dim sep X). It is never open.
@ (X)=is closed iff X = ¢»
® (G)= and (Lp)= are Gs-complete for every p € [1,00), p # 2
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Isometry classes of separable Banach spaces - overview

Isometry classes of Banach spaces:

C-Dolezal-Doucha-Kurka, 2024
@ (X)= is Borel subset of B (for every co-dim sep X). It is never open.
@ (X)=is closed iff X = ¢»

(G)= and (Lp)= are Gs-complete for every p € [1,00), p # 2

(

o
@ (¢p)= and (cy)= are F,s-complete
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Isometry classes of separable Banach spaces - overview

Isometry classes of Banach spaces:
C-Dolezal-Doucha-Kurka, 2024
@ (X)= is Borel subset of B (for every co-dim sep X). It is never open.
@ (X)= is closediff X = £,
® (G)= and (Lp)= are Gs-complete for every p € [1,00), p # 2
@ (¢p)= and (cp)= are F,s-complete
C-de Rancourt-Doucha, 2025-2026:
@ (X)= is G; iff the Banach space is guarded-Fraissé. Examples are:
G, Lpfor p € [1,00), Lp(Lg) for p, q such that £4 + Lp isometrically

(It is known that ¢ — Lp isometrically iff g € {2, p} or g € (p,2).)
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Isometry classes of separable Banach spaces - overview

Isometry classes of Banach spaces:
C-Dolezal-Doucha-Kurka, 2024
@ (X)= is Borel subset of B (for every co-dim sep X). It is never open.
@ (X)= is closediff X = £,
® (G)= and (Lp)= are Gs-complete for every p € [1,00), p # 2
@ (¢p)= and (cy)= are F,s-complete
C-de Rancourt-Doucha, 2025-2026:
@ (X)= is G; iff the Banach space is guarded-Fraissé. Examples are:

G, Lpfor p € [1,00), Lp(Lg) for p, q such that £4 + Lp isometrically

(It is known that ¢ — Lp isometrically iff g € {2, p} or g € (p,2).)
@ If X £ 45 and (X)= is Gs, then (X)= is Gs-complete.
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Isometry classes of separable Banach spaces - overview

Isometry classes of Banach spaces:
C-Dolezal-Doucha-Kurka, 2024
@ (X)= is Borel subset of B (for every co-dim sep X). It is never open.
@ (X)= is closediff X = £,
® (G)= and (Lp)= are Gs-complete for every p € [1,00), p # 2
@ (¢p)= and (cy)= are F,s-complete
C-de Rancourt-Doucha, 2025-2026:
@ (X)= is G; iff the Banach space is guarded-Fraissé. Examples are:

G, Lpfor p € [1,00), Lp(Lg) for p, q such that £4 + Lp isometrically

(It is known that ¢ — Lp isometrically iff g € {2, p} or g € (p,2).)
@ If X £ 45 and (X)= is Gs, then (X)= is Gs-complete.

de Rancourt-Fakhoury, preprint from 2026:
@ Certain Orlicz sequence spaces are guarded-Fraissé, but do not contain £, isometrically.
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Isomorphism classes of separable Banach spaces - overview

Isomorphism classes of Banach spaces: it is very rarely the case that (X)~ is Borel.
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Isomorphism classes of separable Banach spaces - overview

Isomorphism classes of Banach spaces: it is very rarely the case that (X)~ is Borel.
@ (X)~ is not Borel if X is one of the following spaces:

Lpforpe (1,00)\ {2}, co, C(K) forany K metrizable,
reflexive Orlicz function spaces L®[0, 1] not isomorphic to L2[0,1] ...

(Bourgain 81; Bossard 02; Ghawadrah 16; Kurka 19)
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Isomorphism classes of separable Banach spaces - overview

Isomorphism classes of Banach spaces: it is very rarely the case that (X)~ is Borel.
@ (X)~ is not Borel if X is one of the following spaces:

Lpforpe (1,00)\ {2}, co, C(K) forany K metrizable,
reflexive Orlicz function spaces L®[0, 1] not isomorphic to L2[0,1] ...
(Bourgain 81; Bossard 02; Ghawadrah 16; Kurka 19)

o (lp)~isNO_, forp € (1,00)
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Isomorphism classes of separable Banach spaces - overview

Isomorphism classes of Banach spaces: it is very rarely the case that (X)~ is Borel.
@ (X)~ is not Borel if X is one of the following spaces:
Lpforpe (1,00)\ {2}, co, C(K) forany K metrizable,
reflexive Orlicz function spaces L®[0, 1] not isomorphic to L2[0,1] ...

(Bourgain 81; Bossard 02; Ghawadrah 16; Kurka 19)

@ (lp)~is I'Ig+1 for p € (1, 00) (Open: Is it of a finite Borel class?)

(Godefroy, Saint-Raymond 18)
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Isomorphism classes of separable Banach spaces - overview

Isomorphism classes of Banach spaces: it is very rarely the case that (X)~ is Borel.
@ (X)~ is not Borel if X is one of the following spaces:
Lpforpe (1,00)\ {2}, co, C(K) forany K metrizable,
reflexive Orlicz function spaces L®[0, 1] not isomorphic to L2[0,1] ...

Bourgain 81; Bossard 02; Ghawadrah 16; Kurka 19)

@ (lp)~is I'Ig+1 for p € (1, 00) (Open: Is it of a finite Borel class?)

@ (X)~is Fsiff X ~ 45

(
(
(Godefroy, Saint-Raymond 18)
(
(C, Dolezal, Doucha, Kurka 24),
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Isomorphism classes of separable Banach spaces - overview

Isomorphism classes of Banach spaces: it is very rarely the case that (X)~ is Borel.
@ (X)~ is not Borel if X is one of the following spaces:

Lpforpe (1,00)\ {2}, co, C(K) forany K metrizable,
reflexive Orlicz function spaces L®[0, 1] not isomorphic to L2[0,1] ...

(Bourgain 81; Bossard 02; Ghawadrah 16; Kurka 19)

® (fp)~is NO_, for p € (1,00) (Open: Is it of a finite Borel class?)
(Godefroy, Saint-Raymond 18)

0 (X)~is Foiff X >~ €o
(C, Dolezal, Doucha, Kurka 24),

@ Spaces for which it is open whether (X)~ is Borel:

G, 4

Several further estimates
@ {u € B; X, has BAP}is Zg set (Ghawadrah 20)
o {u € B; X, is superreflexive} is F; 5 (C, DoleZal, Doucha, Kurka 24)
o {u € B; X, has Daugavet property} is Gs (Lépez-Pérez, Martinez Vafié, Rueda Zoca 26)
° ...
Open: Is the following set Borel?

{pn € B: X, is isometric to a C(K) space for some metric compact K}
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Part IV

PART FOUR: Isometry classes of C(K) spaces with K countable - upper bound for ¢
(based on joint work with M. Dolezal, O. Kurka, J. Rondos)

Marek Cuath Descriptive set theory in Banach spaces Il



Inspiration by ¢

Cenzer-Mauldin 83: given 8 = 0 or 3 being a countable limit ordinal and n € N U {0}, the set of

compact spaces with Cantor-Bendixson derivative less than g + nis Z%+n-complete.
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Inspiration by ¢

Cenzer-Mauldin 83: given 8 = 0 or 3 being a countable limit ordinal and n € N U {0}, the set of

compact spaces with Cantor-Bendixson derivative less than g + nis Z%+n-complete.

Main aim: Identify Borel classes of (C(K))= for K countable.

Marek Cuath Descriptive set theory in Banach spaces Il



Inspiration by ¢

Cenzer-Mauldin 83: given 8 = 0 or 3 being a countable limit ordinal and n € N U {0}, the set of

compact spaces with Cantor-Bendixson derivative less than g + nis Z%+n-complete.

Main aim: Identify Borel classes of (C(K))= for K countable.
Initial step: Identify Borel class of (c)=.

Known:
@ Any X = C(K) is Ly-predual (that is, X* = Ly(p) isometrically), being Ly-predual is G5
condition.
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Inspiration by ¢

Cenzer-Mauldin 83: given 8 = 0 or 3 being a countable limit ordinal and n € N U {0}, the set of

compact spaces with Cantor-Bendixson derivative less than g + nis Z%+n-complete.

Main aim: Identify Borel classes of (C(K))= for K countable.
Initial step: Identify Borel class of (c)=.

Known:
@ Any X = C(K) is Ly-predual (that is, X* = Ly(p) isometrically), being Ly-predual is G5
condition.
@ Given Banach space X and ¢ > 0, Szlenk derivative is given as

(Bx* ). := {x* € Bx«: U > x*is w*-open = diam(U N Bx=) > €}.

Forevery e € (0,1): X = ¢ iff X is Ly-predual and (Bx« )5, = (1 — &) Bx=.
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Inspiration by ¢

Cenzer-Mauldin 83: given 8 = 0 or 3 being a countable limit ordinal and n € N U {0}, the set of

compact spaces with Cantor-Bendixson derivative less than g + nis Z%+n-complete.

Main aim: Identify Borel classes of (C(K))= for K countable.
Initial step: Identify Borel class of (c)=.

Known:
@ Any X = C(K) is Ly-predual (that is, X* = Ly(p) isometrically), being Ly-predual is G5
condition.
@ Given Banach space X and ¢ > 0, Szlenk derivative is given as

(Bx* ). := {x* € Bx«: U > x*is w*-open = diam(U N Bx=) > €}.

Forevery e € (0,1): X = ¢ iff X is Ly-predual and (Bx=)5_ = (1 — €)Bx~. This can be
shown to be an F, s-condition.
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Inspiration by ¢

Cenzer-Mauldin 83: given 8 = 0 or 3 being a countable limit ordinal and n € N U {0}, the set of
compact spaces with Cantor-Bendixson derivative less than g + nis Z%+n-complete.

Main aim: Identify Borel classes of (C(K))= for K countable.
Initial step: Identify Borel class of (c)=.

Known:
@ Any X = C(K) is Ly-predual (that is, X* = Ly(p) isometrically), being Ly-predual is G5
condition.
@ Given Banach space X and ¢ > 0, Szlenk derivative is given as
(Bx* ). := {x* € Bx«: U > x*is w*-open = diam(U N Bx=) > €}.

Forevery e € (0,1): X = ¢ iff X is Ly-predual and (Bx=)5_ = (1 — €)Bx~. This can be
shown to be an F, s-condition.
First observation: Given X = C([1,w]) and € € (0, 1] we have

(Bx+)oe = {X" € Byt X" (@) + (1 = [Ix7]]) > e}
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Inspiration by ¢

Cenzer-Mauldin 83: given 8 = 0 or 3 being a countable limit ordinal and n € N U {0}, the set of
compact spaces with Cantor-Bendixson derivative less than 8 + nis £, -complete.

B+n
Main aim: Identify Borel classes of (C(K))= for K countable.
Initial step: Identify Borel class of (c)=.
Known:

@ Any X = C(K) is Ly-predual (that is, X* = Ly(p) isometrically), being Ly-predual is G5
condition.

@ Given Banach space X and ¢ > 0, Szlenk derivative is given as
(Bx* ). := {x* € Bx«: U > x*is w*-open = diam(U N Bx=) > €}.

Forevery e € (0,1): X = ¢ iff X is Ly-predual and (Bx=)5_ = (1 — €)Bx~. This can be
shown to be an F, s-condition.

First observation: Given X = C([1,w]) and € € (0, 1] we have
(Bx*)ae = {X" € Byy1,w) ¢ X" (@) + (1 = [Ix7[)) > e}

In particular, (Bx«), = [—1,1]6w, S0 (Bx~ ), is a subset of a 1-dimensional space.

Having the property that “(Bx- ), is a subset of a 1-dimensional space” is F,, s-condition.
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New ingredient needed

Recall:
(Bx*)L := {x* € Bx+: U > x* is w*-open = diam(U N Bx+) > €}.
(co)= is F,,5. We want to prove that (c)= is F, s (or something close to this).

@ X = ¢ iff X'is Ly-predual and (Bx+ )} = %BX*. This is F,, s-condition.
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New ingredient needed

Recall:
(Bx*)L := {x* € Bx+: U > x* is w*-open = diam(U N Bx+) > €}.
(co)= is F,,5. We want to prove that (c)= is F, s (or something close to this).
@ X = ¢ iff X'is Ly-predual and (Bx+ )} = %BX*. This is F,, s-condition.
@ If X = ¢, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sxx. (*1)
e Is X = ciff (*1) holds?
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New ingredient needed

Recall:
(Bx*)L := {x* € Bx+: U > x* is w*-open = diam(U N Bx+) > €}.
(co)= is F,,5. We want to prove that (c)= is F, s (or something close to this).
@ X = ¢ iff X'is Ly-predual and (Bx+ )} = %BX*. This is F,, s-condition.
@ If X = ¢, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sxx. (*1)

@ Is X = ciff (*1) holds?
No, it is not! It holds for example also for X = ¢ ® Cp.
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New ingredient needed

Recall:
(Bx*)L := {x* € Bx+: U > x* is w*-open = diam(U N Bx+) > €}.
(co)= is F,,5. We want to prove that (c)= is F, s (or something close to this).
@ X = ¢ iff X'is Ly-predual and (Bx+ )} = %BX*. This is F,, s-condition.
@ If X = ¢, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sxx. (*1)
@ Is X = ciff (*1) holds?
No, it is not! It holds for example also for X = ¢ ® Cp.
Proof: We have ¢ @« cg = Cp(K), where K = [0,w) W [0, w], that is, K is locally compact,
not compact and all points of K\ {w} are isolated.

By the Riesz representation theorem, Cy(K)* = M(K) = ¢1(K).
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New ingredient needed

Recall:
(Bx*)L := {x* € Bx+: U > x* is w*-open = diam(U N Bx+) > €}.
(co)= is F,,5. We want to prove that (c)= is F, s (or something close to this).
@ X = ¢ iff X'is Ly-predual and (Bx+ )} = %BX*. This is F,, s-condition.
@ If X = ¢, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sxx. (*1)
@ Is X = ciff (*1) holds?
No, it is not! It holds for example also for X = ¢ ® Cp.
Proof: We have ¢ @« cg = Cp(K), where K = [0,w) W [0, w], that is, K is locally compact,
not compact and all points of K\ {w} are isolated.

By the Riesz representation theorem, Co(K)* = M(K) = ¢1(K). We claim that
(B@1(K))/2 C [—1,1]&;.
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New ingredient needed

Recall:
(Bx*)L := {x* € Bx+: U > x* is w*-open = diam(U N Bx+) > €}.
(co)= is F,,5. We want to prove that (c)= is F, s (or something close to this).
@ X = ¢ iff X'is Ly-predual and (Bx+ )} = %BX*. This is F,, s-condition.
@ If X = ¢, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sxx. (*1)
e Is X = ciff (*1) holds?
No, it is not! It holds for example also for X = ¢ ® Cp.
Proof: We have ¢ @« cg = Cp(K), where K = [0,w) W [0, w], that is, K is locally compact,
not compact and all points of K\ {w} are isolated.
By the Riesz representation theorem, Co(K)* = M(K) = ¢1(K). We claim that
(B@1(K))/2 C [—1,1]&;.
Pick any x* € ¢4(K) for which there exists ng with |x*(np)| =: ¢ > 0.
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New ingredient needed

Recall:
(Bx*)L := {x* € Bx+: U > x* is w*-open = diam(U N Bx+) > €}.
(co)= is F,,5. We want to prove that (c)= is F, s (or something close to this).
@ X = ¢ iff X'is Ly-predual and (Bx+ )} = %BX*. This is F,, s-condition.
@ If X = ¢, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sxx. (*1)
e Is X = ciff (*1) holds?
No, it is not! It holds for example also for X = ¢ ® Cp.
Proof: We have ¢ @« cg = Cp(K), where K = [0,w) W [0, w], that is, K is locally compact,
not compact and all points of K\ {w} are isolated.
By the Riesz representation theorem, Co(K)* = M(K) = ¢1(K). We claim that
(B@1(K))/2 C [—1,1]&;.

Pick any x* € ¢4(K) for which there exists ng with |x*(ng)| =: ¢ > 0. Consider the w*-open
neighborhood of x* given as

U:={z" € t4(K); |z*(no) — x*(np)| < c/4}.
It suffices to show that diam(U N By, (k)) < 2.
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New ingredient needed

Recall:
(Bx*)L := {x* € Bx+: U > x* is w*-open = diam(U N Bx+) > €}.
(co)= is F,,5. We want to prove that (c)= is F, s (or something close to this).
@ X = ¢ iff X'is Ly-predual and (Bx+ )} = %BX*. This is F,, s-condition.
@ If X = ¢, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sxx. (*1)
@ Is X = ciff (*1) holds?
No, it is not! It holds for example also for X = ¢ ® Cp.
Proof: We have ¢ @« cg = Cp(K), where K = [0,w) W [0, w], that is, K is locally compact,
not compact and all points of K\ {w} are isolated.

By the Riesz representation theorem, Co(K)* = M(K) = ¢1(K). We claim that
(B@1(K))/2 C [—1,1]&;.

Pick any x* € ¢4(K) for which there exists ng with |x*(ng)| =: ¢ > 0. Consider the w*-open
neighborhood of x* given as

U= {z* € 41(K); |2*(no) — x*(no)| < c/4}.
It suffices to show that diam(U N By, (k)) < 2. For every z* € U N By, (k) we have

12"k g} It < 1 =127 (no)l < 1 = [x*(mo)| + § < 1= §e.
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New ingredient needed

Recall:
(Bx*)L := {x* € Bx+: U > x* is w*-open = diam(U N Bx+) > €}.
(co)= is F,,5. We want to prove that (c)= is F, s (or something close to this).
@ X = ¢ iff X'is Ly-predual and (Bx+ )} = %BX*. This is F,, s-condition.
@ If X = ¢, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sxx. (*1)

@ Is X = ciff (*1) holds?
No, it is not! It holds for example also for X = ¢ ® Cp.

Proof: We have ¢ @« cg = Cp(K), where K = [0,w) W [0, w], that is, K is locally compact,
not compact and all points of K\ {w} are isolated.

By the Riesz representation theorem, Co(K)* = M(K) = ¢1(K). We claim that
(B@1(K))/2 C [—1,1]&;.

Pick any x* € ¢4(K) for which there exists ng with |x*(ng)| =: ¢ > 0. Consider the w*-open
neighborhood of x* given as

U:={z* € {4(K); |z"(ng) — x*(no)| < c/4}.
It suffices to show that diam(U N By, (k)) < 2. For every z* € U N By, (k) we have
12*lkev ey 1 < 1 =127 (o) < 1 = [x*(mo)| + § <1 %e.
Hence, for z{', zz € U N By, (k) we have

Iz7 = 251l < (2 = 23)(no)| +2(1 = §e) < § +2(1—§c)=2-¢
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Characterization among C(K) spaces

Recall:
(Bx=)5 := {x* € Bx=: U > x* is w*-open = diam(U N By« ) > 2}.
If X = c, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sx-. (*1)

Assume X satisfies (*1). Then X* = ¢4.
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Characterization among C(K) spaces

Recall:
(Bx=)5 := {x* € Bx=: U > x* is w*-open = diam(U N By« ) > 2}.
If X = c, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sx-. (*1)

Assume X satisfies (*1). Then X* = ¢4.

Known results
@ If X is separable L{-predual, then X* # ¢4 iff L1[0, 1] C X* isometrically
@ L4[0, 1] has D2P (every weakly open subset of By, o, has diameter two)
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Characterization among C(K) spaces

Recall:
(Bx=)5 := {x* € Bx=: U > x* is w*-open = diam(U N By« ) > 2}.
If X = c, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sx-. (*1)

Assume X satisfies (*1). Then X* = ¢4.

Known results

@ If X is separable L{-predual, then X* # ¢4 iff L1[0, 1] C X* isometrically
@ L4[0, 1] has D2P (every weakly open subset of By, o, has diameter two)
Assume Z C X* is isometric to L1[0, 1].
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Characterization among C(K) spaces

Recall:
(Bx=)5 := {x* € Bx=: U > x* is w*-open = diam(U N By« ) > 2}.
If X = c, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sx-. (*1)

Assume X satisfies (*1). Then X* = ¢4.

Known results

@ If X is separable L{-predual, then X* # ¢4 iff L1[0, 1] C X* isometrically
@ L4[0, 1] has D2P (every weakly open subset of By, o, has diameter two)

Assume Z C X* is isometric to L1[0, 1]. Pick U be a w*-open subset of X* such that
Un Bz # @. Then UN Z is weakly open in Z, so diam(U N Bz) = 2.
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Characterization among C(K) spaces

Recall:
(Bxx)5 := {x* € Bx=: U > x* is w*-open = diam(U N Bx«) > 2}.

If X = c, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sx-. (*1)

Assume X satisfies (*1). Then X* = ¢4.

Known results

@ If X is separable L{-predual, then X* # ¢4 iff L1[0, 1] C X* isometrically
@ L4[0, 1] has D2P (every weakly open subset of By, o, has diameter two)

Assume Z C X* is isometric to L1[0, 1]. Pick U be a w*-open subset of X* such that
Un Bz # @. Then UN Z is weakly open in Z, so diam(U N Bz) = 2. Hence, Bz C (Bx~)5,
contradiction with (*1).

Theorem: Let K be a countable compact space with accumulation points K’ and put X = C(K).
Then (Bx* )’2 = BM(K/)-
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Characterization among C(K) spaces

Recall:
(Bx=)5 := {x* € Bx=: U > x* is w*-open = diam(U N By« ) > 2}.
If X = c, then
X is Ly-predual and (Bx+ )5 C [—1,1]z* for some z* € Sx-. (*1)

Assume X satisfies (*1). Then X* = ¢4.

Known results

@ If X is separable L{-predual, then X* # ¢4 iff L1[0, 1] C X* isometrically
@ L4[0, 1] has D2P (every weakly open subset of By, o, has diameter two)

Assume Z C X* is isometric to L1[0, 1]. Pick U be a w*-open subset of X* such that
Un Bz # @. Then UN Z is weakly open in Z, so diam(U N Bz) = 2. Hence, Bz C (Bx~)5,
contradiction with (*1).

Theorem: Let K be a countable compact space with accumulation points K’ and put X = C(K).
Then (Bx* )’2 = BM(K/)-

Hence, if (*1) holds and moreover X = C(K) for some compact space K, then X = c.
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When is ¢4 predual isometric to a C(K) space

Proposition
If X* = 44, then X = C(K) iff{xe},: n € N} C ¢4 = X* is w*-closed.
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When is ¢4 predual isometric to a C(K) space

Proposition
If X* = 44, then X = C(K) iff{xe},: n € N} C ¢4 = X* is w*-closed.

“=" Easier, because then X* = ¢1(K) and so {t+e};: n € N} =~ KU (—K).
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When is ¢4 predual isometric to a C(K) space

Proposition
If X* = 44, then X = C(K) iff{xe},: n € N} C ¢4 = X* is w*-closed.

“=" Easier, because then X* = ¢1(K) and so {t+e};: n € N} =~ KU (—K).

“<"Put Ky := {£e;: n€ N}.

By the Baire category theorem (applied to open dense sets X \ Ker e};), there is z € X such that
e (z) # 0 for every n.
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When is ¢4 predual isometric to a C(K) space

Proposition

If X* = 44, then X = C(K) iff{xe},: n € N} C ¢4 = X* is w*-closed.

“=" Easier, because then X* = ¢1(K) and so {t+e};: n € N} =~ KU (—K).
“<"Put Ky := {£e;: n€ N}.
By the Baire category theorem (applied to open dense sets X \ Ker e};), there is z € X such that
e (z) # 0 for every n.
Put
K :={one;; ne€ N}, where op :=sgn(ej(2)).
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When is ¢4 predual isometric to a C(K) space

Proposition

If X* = 44, then X = C(K) iff{xe},: n € N} C ¢4 = X* is w*-closed.

“=" Easier, because then X* = ¢1(K) and so {t+e};: n € N} =~ KU (—K).
“<"Put Ky := {£e;: n€ N}.
By the Baire category theorem (applied to open dense sets X \ Ker e};), there is z € X such that
e (z) # 0 for every n.
Put
K := {onep; n € N}, where o := sgn(ep(2)).
The set K is w* compact (because K = {x* € Ky; x*(z) > 0}).
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When is ¢4 predual isometric to a C(K) space

Proposition
If X* = 44, then X = C(K) iff{xe},: n € N} C ¢4 = X* is w*-closed.

“=" Easier, because then X* = ¢1(K) and so {t+e};: n € N} =~ KU (—K).
“<"Put Ky := {£e;: n€ N}.
By the Baire category theorem (applied to open dense sets X \ Ker e};), there is z € X such that
e (z) # 0 for every n.
Put
K := {onep; n € N}, where o := sgn(ep(2)).
The set K is w* compact (because K = {x* € Ky; x*(z) > 0}).
Consider the mapping T : X — C(K) given as Tx(one}) := onej(x). This is isometric
embedding.
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When is ¢4 predual isometric to a C(K) space

Proposition

If X* = 44, then X = C(K) iff{xe},: n € N} C ¢4 = X* is w*-closed.

“=" Easier, because then X* = ¢1(K) and so {t+e};: n € N} =~ KU (—K).
“<"Put Ky := {£e;: n€ N}.
By the Baire category theorem (applied to open dense sets X \ Ker e};), there is z € X such that
e (z) # 0 for every n.
Put
K := {onep; n € N}, where o := sgn(ep(2)).
The set K is w* compact (because K = {x* € Ky; x*(z) > 0}).
Consider the mapping T : X — C(K) given as Tx(one}) := onej(x). This is isometric
embedding.

Moreover, T*0,,ex = on€p, SO T* is isometry, because finite linear combinations of dirac
masses are norm-dense in M(K) and

IT*(D andone)llt = 11> anoneplli =D lanl = | > andopez Iy,  F C N finite.

neF neF neF neF
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When is ¢4 predual isometric to a C(K) space

Proposition

If X* = 44, then X = C(K) iff{xe},: n € N} C ¢4 = X* is w*-closed.

“=" Easier, because then X* = ¢1(K) and so {t+e};: n € N} =~ KU (—K).
“<"Put Ky := {£e;: n€ N}.
By the Baire category theorem (applied to open dense sets X \ Ker e};), there is z € X such that
e (z) # 0 for every n.
Put
K := {onep; n € N}, where o := sgn(ep(2)).
The set K is w* compact (because K = {x* € Ky; x*(z) > 0}).
Consider the mapping T : X — C(K) given as Tx(one}) := onej(x). This is isometric
embedding.

Moreover, T*0,,ex = on€p, SO T* is isometry, because finite linear combinations of dirac
masses are norm-dense in M(K) and

IT*(D andone)llt = 11> anoneplli =D lanl = | > andopez Iy,  F C N finite.

neF neF neF neF

Hence, T* is one-to-one and T is surjective. O
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)
Recall: Assume X satisfies (*1). Then X* = /5.
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)
Recall: Assume X satisfies (*1). Then X* = ¢4. Moreover,
X=c & {ften:ne N} C ¥l =X"isw*-closed.
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)
Recall: Assume X satisfies (*1). Then X* = ¢4. Moreover,
X=c & {ften:ne N} C ¥l =X"isw*-closed.
Observation 1: (*1) = clustyx{+en: ne N} C [-1,1]z*.
Proof: Assume en, ¥, x*. Consider Yk = €ny and zx := €ny ;-
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)
Recall: Assume X satisfies (*1). Then X* = ¢4. Moreover,
X=c & {ften:ne N} C ¥l =X"isw*-closed.
Observation 1: (*1) = clustyx{+en: ne N} C [-1,1]z*.
Proof: Assume en, ¥, x*. Consider Yk i= €ny, and zx := en,,,,.Then |lyk|| = ||z and

llyk — zx|| = 2 for every k € N.
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)
Recall: Assume X satisfies (*1). Then X* = ¢4. Moreover,
X=c & {ften:ne N} C ¥l =X"isw*-closed.
Observation 1: (*1) = clustyx{+en: ne N} C [-1,1]z*.
Proof: Assume en, ¥, x*. Consider Yk i= €ny, and zx := en,,,,.Then |lyk|| = ||z and

llvk — z«|| = 2 for every k € N. Since yj ", x* and Z W X*, we obtain
x* € (Bx+), C [-1,1]z*.
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)
Recall: Assume X satisfies (*1). Then X* = ¢4. Moreover,
X=c & {ften:ne N} C ¥l =X"isw*-closed.
Observation 1: (*1) = clustyx{+en: ne N} C [-1,1]z*.
Proof: Assume en, ¥, x*. Consider Yk i= €ny, and zx := en,,,,.Then |lyk|| = ||z and
llvk — z«|| = 2 for every k € N. Since yj ", x* and Z W X*, we obtain
x* € (Bx+), C [-1,1]z*.

(For example, if X = ¢y oo €, then 0 € {£ep: n € N}W )
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)

Recall: Assume X satisfies (*1). Then X* = ¢4. Moreover,
X=c & {ften:ne N} C ¥l =X"isw*-closed.

Observation 1: (*1) = clusty={+ep: ne N} C [-1,1]z*.
Proof: Assume ep, “ x*. Consider Yk i= €ny, and zx := en,,,,.Then |lyk|| = ||z and
llvk — z«|| = 2 for every k € N. Since yj ", x* and Z W X*, we obtain
x* € (Bx+), C [-1,1]z*.
(For example, if X = ¢y oo €, then 0 € {£ep: n € N}W )

Condition which distinguish between ¢ and ¢y © o C:
Jac SxVyeBy: max{llatyll} =1+l (*2)
(Because for any real numbers a, b we have max{|a+ b|, |a— b|} = |a| + |b].)
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)

Recall: Assume X satisfies (*1). Then X* = ¢4. Moreover,
X=c & {ften:ne N} C ¥l =X"isw*-closed.

Observation 1: (*1) = clusty={+ep: ne N} C [-1,1]z*.
Proof: Assume ep, “ x*. Consider Yk i= €ny, and zx := en,,,,.Then |lyk|| = ||z and
llvk — z«|| = 2 for every k € N. Since yj ", x* and Z W X*, we obtain
x* € (Bx+), C [-1,1]z*.
(For example, if X = ¢y oo €, then 0 € {£ep: n € N}W )

Condition which distinguish between ¢ and ¢y © o C:

Jac SxVyeBy: max{llatyll} =1+l (*2)
(Because for any real numbers a, b we have max{|a+ b|, |a— b|} = |a| + |b].)
Observation 2: (1) & (*2) = clustyx{*en: ne N} C {£z*}.
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)

Recall: Assume X satisfies (*1). Then X* = ¢4. Moreover,
X=c & {ften:ne N} C ¥l =X"isw*-closed.

Observation 1: (*1) = clusty={+ep: ne N} C [-1,1]z*.
Proof: Assume ep, “ x*. Consider Yk i= €ny, and zx := en,,,,.Then |lyk|| = ||z and
llvk — z«|| = 2 for every k € N. Since yj ", x* and Z W X*, we obtain
x* € (Bx+), C [-1,1]z*.
(For example, if X = ¢y oo €, then 0 € {£ep: n € N}W )

Condition which distinguish between ¢ and ¢y © o C:

Jac SxVyeBy: max{llatyll} =1+l (*2)
(Because for any real numbers a, b we have max{|a+ b|, |a— b|} = |a| + |b].)
Observation 2: (1) & (*2) = clustyx{*en: ne N} C {£z*}.

Proof: Assume ep, ", tz* and [t| < 1. Then 3ky with |en, (a)] < 1, k > k.
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)

Recall: Assume X satisfies (*1). Then X* = ¢4. Moreover,
X=c & {ften:ne N} C ¥l =X"isw*-closed.

Observation 1: (*1) = clusty={+ep: ne N} C [-1,1]z*.
Proof: Assume ep, “ x*. Consider Yk i= €ny, and zx := en,,,,.Then |lyk|| = ||z and
llvk — z«|| = 2 for every k € N. Since yj ", x* and Z W X*, we obtain
x* € (Bx+), C [-1,1]z*.
(For example, if X = ¢y oo €, then 0 € {£ep: n € N}W )

Condition which distinguish between ¢ and ¢y © o C:
Jac SxVyeBy: max{llatyll} =1+l (*2)
(Because for any real numbers a, b we have max{|a+ b|, |a— b|} = |a| + |b].)
Observation 2: (1) & (*2) = clustyx{*en: ne N} C {£z*}.
Proof: Assume ep, ", tz* and [t| < 1. Then 3ky with |en, (a)| < 1, k > ky. One shows that

span® {ej; i ¢ {n: k> ko}} # X*.
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)

Recall: Assume X satisfies (*1). Then X* = ¢4. Moreover,
X=c & {ften:ne N} C ¥l =X"isw*-closed.

Observation 1: (*1) = clusty={+ep: ne N} C [-1,1]z*.
Proof: Assume ep, “ x*. Consider Yk i= €ny, and zx := en,,,,.Then |lyk|| = ||z and
llvk — z«|| = 2 for every k € N. Since yj ", x* and Z W X*, we obtain
x* € (Bx+), C [-1,1]z*.
(For example, if X = ¢y oo €, then 0 € {£ep: n € N}W )

Condition which distinguish between ¢ and ¢y © o C:
Jae SxVy € By: max{atyl}=1+]yll (2)
(Because for any real numbers a, b we have max{|a+ b|, |a— b|} = |a| + |b].)
Observation 2: (1) & (*2) = clustyx{*en: ne N} C {£z*}.
Proof: Assume ep, ", tz* and [t| < 1. Then 3ky with |en, (a)| < 1, k > ky. One shows that
span® {ej; i ¢ {nk: k> ko}} # X"
Hence, there is ye Sx with y‘{eﬁ ig{ng: k>kg} = 0.
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bx+)5 C [—1,1]z* for some z* € Sxx. (*1)

Recall: Assume X satisfies (*1). Then X* = ¢4. Moreover,
X=c & {ften:ne N} C ¥l =X"isw*-closed.

Observation 1: (*1) = clusty={+ep: ne N} C [-1,1]z*.
Proof: Assume ep, “ x*. Consider Yk i= €ny, and zx := en,,,,.Then |lyk|| = ||z and
llvk — z«|| = 2 for every k € N. Since yj ", x* and Z W X*, we obtain
x* € (Bx+), C [-1,1]z*.
(For example, if X = ¢y oo €, then 0 € {£ep: n € N}W )

Condition which distinguish between ¢ and ¢y © o C:
Jac SxVyeByx: max{llatyl} =1+ ]yl (2)
(Because for any real numbers a, b we have max{|a+ b|, |a— b|} = |a| + |b].)
Observation 2: (1) & (*2) = clustyx{*en: ne N} C {£z*}.
Proof: Assume ep, ", tz* and [t| < 1. Then 3ky with |en, (a)| < 1, k > ky. One shows that
span® {ej; i ¢ {nk: k> ko}} # X"
Hence, there is y € Sx with y|¢e;: ign,: k>k,3 = 0- But then
2 =|laty| =sup|ei(ax a)|l = max{]||al|, sup |en, (@£ y)|} < 2...contradiction.
i k>ko
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bxx )5, C [—1,1]z* for some z* € Sxx. (*1)
Jae SxVyeBx: max{llaty|}=1+]yl (*2)
Recall: Assume X satisfies (*1). Then X* = ¢y and clusty«{+ep: n€ N} C {£z*}.

Moreover,
X=c < {xep:neN}C¥ =X*isw"-closed.
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bxx )5, C [—1,1]z* for some z* € Sxx. (*1)
daeSxVyeByx: max{llaty|}=1+]yll. (2)
Recall: Assume X satisfies (*1). Then X* = ¢y and clusty«{+ep: n€ N} C {£z*}.
Moreover,
X=c < {xep:neN}C¥ =X*isw"-closed.
Casini, Miglierina, Piasecki 22’: X* = ¢; and ep W—>* z € 5, then X is isometric to

[ee]

= {xec: lim x(i) = > z(ihx(i)} C e

i=1
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Spaces we need to distinguish from ¢

X is Ly-predual and (Bxx )5, C [—1,1]z* for some z* € Sxx. (*1)
Jae SxVyeBx: max{llaty|}=1+]yl (*2)
Recall: Assume X satisfies (*1). Then X* = ¢y and clusty«{+ep: n€ N} C {£z*}.

Moreover,
X=c < {xep:neN}C¥ =X*isw"-closed.

Casini, Miglierina, Piasecki 22’: X* = ¢; and ep W—>* z € 5, then X is isometric to

[ee]

= {xec: lim x(i) = > z(ihx(i)} C e

i=1

We arrived to the following ...

Marek Cuath Descriptive set theory in Banach spaces Il



Theorem (Main result 1)

Let X be a Banach space such that X* is isometric to Ly(u) for some measure . Then there
exists a zero-dimensional compact space K such that X is isometric to C(K) if and only if the
following condition holds

m{a € Sx: max{lla—yl,lla+yl|} =2 foreveryy e sx} = By. )

(Not even separability is assumed. In C(K)) spaces the points a € Sx above are functions
attaining values +1.)
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Theorem (Main result 1)

Let X be a Banach space such that X* is isometric to Ly(u) for some measure . Then there
exists a zero-dimensional compact space K such that X is isometric to C(K) if and only if the
following condition holds

m{a € Sx: max{lla—yl,lla+yl|} =2 foreveryy e sx} = By. )

(Not even separability is assumed. In C(K)) spaces the points a € Sx above are functions
attaining values +1.)

This implies the following characterization of the Banach space c.

Let X be separable Banach space. Then X = c iff
@ X* is isometric to L1 (),
@ (Bx-), is subset of a 1-dimensional space,
)

Ve >0: aco{ac Sx: Vy € Sx: max{lla—yll,la+yl} > 2~} = Bx.
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Theorem (Main result 1)

Let X be a Banach space such that X* is isometric to Ly(u) for some measure . Then there
exists a zero-dimensional compact space K such that X is isometric to C(K) if and only if the
following condition holds

m{a € Sx: max{lla—yl,lla+yl|} =2 foreveryy e sx} = By. )

(Not even separability is assumed. In C(K)) spaces the points a € Sx above are functions
attaining values +1.)

This implies the following characterization of the Banach space c.

Let X be separable Banach space. Then X = c iff
@ X* is isometric to L1 (),
@ (Bx-), is subset of a 1-dimensional space,
)

Ve >0: aco{ac Sx: Vy € Sx: max{lla—yll,la+yl} > 2~} = Bx.

== = -
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