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Free space and vanishing charges

The divergence equation

We want to solve the divergence equation
divv =F
tn an open set (2 < R™. (£ 2 = R™ and 1 < p < o0 thew the linear operator
div: Wi ,(R™;R™) — L,(R™)

adwmits a bounded (equi\/aLew’ch: continuous, or uwi{ormLH continuous, or
Lipschitz) linear right inverse defined by an explicit integral formula.
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LFrce space and vanishing charges

The special case p = m

fv:Q— R"™is Wi, then vis VMO but wot wecessar'LLg contLnous nor even
Locally bounded. tn fact, if u(z) = x(z) - x1 - |log |z]2]', 0 < t < 21 g

X € CL(R™) equals 1 at the origin, thew Au € Ly, (R™), yet v = Vu ¢ Co(R™; R™);
in fact v is not Locally bounded near the origin. This example is due to Nirenberg.

This raises the following question: Characterize those distributions F' such that the
equation divv = I adwmits a solution v € Cy(£;R™). tn particular, does this hold
for F' € Ly, (2)? tf so, can v be chosen Linearly and continuously in terms of F? is
there a “closed formula” giving v tn terms of F?
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LFrce space and vanishing charges

Two extreme cases

Notice that Co(€2; R™) is an Lo Banach space and ot a dual (of a Banach space).
we consider the space at the other end of the spectruum: L1(€2;R™) is an L1 Banach
space ano not a dual (of a Banach space).

Our aim is to deseribe completely the spaces of distributions X1, (Q2) and Xc (1),
equipped with a structure of Banach space, so that the operators

div: Li(;R™) - X1(2) and  div: Co(;R™) — X (2)

are continuous and surjective.
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LFrce space and vanishing charges

Thecasem = 1

Cownstider the distributional derivative D : D(R)* — D(R)*. we are Looking for
X1(R) (resp. Xc(R)) such that:

> D(Li(R)) © XL(R) (vesp. D(Co(R)) = X¢(R))

» D(L1(R)) is dense in X1 (R) (resp. D(Co(R)) is dense in Xc(R))

» D(L1(R)) is closed in X7,(R) (resp. D(Co(R)) is closed in X (R))
Our tools will be:

> Guessing X1, (resp. X¢) and their topology; to this end,
localized Locally convex topologies will be useful

> Hahwn-Banach’s theorem

> The closed range theorem
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Free space and vanishing charges

Thecasem = 1

D¥* % D* X
Lo(R) <2 X, (R) M(R) <2 Xo(R)
D D
Li(R) —— Xi(R) Co(R) —— Xc(R)
Since D* = —D (integration by parts and “canceling” functions at infinity) we

are led to guess that

Xp(R)* = L,'Lpost(R) and  Xc(R)* = BV« (R)
and
lulr = tip(u) = [u'[  and  |ulson = |Dul = [u']1.

(t remains to determine a predual of Lip  (R)[] - [|L] and a predual of
BVeet(R)]] - [ scm]-



Divergence operators and Lipschitz—free spaces

LFrce space and vanishing charges

Lipschitz-free space

Due to Arens-Bells (1956) and Godefroy-Kalton (2003). Let (X, z¢) be a pointed
metric space. Thew

Lipy(X) = R™ n {u: u(zg) = 0 and Lipu < o0}
equipped with |ulz = Lipu is a Banach space. The map
§: X — Uip(X)* : x> ]

is a (won-linear) isometry, where [x] : Lip,(X) — R : u— u(z) is the evaluation at
x. Define the Lipschitz-free space of X as

F(X) = spané(X) Lo (X0
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Free space and vanishing charges

Lipschitz-free space

Theorem
F(X)* ~ LLPO(X).

F(X) < tipy (X)*
F(X)* = Upy(X)

lle

F(X)*™

B
>

Proof.
tf a € F(X)* thew
aod: X — F(X) —2> R

is a wmember of Lip(X) and [a o], = |af F=.
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LFrce space and vanishing charges

vanishing strong charges

Charges were introduced Pfeffer (1991) and DP (1997), strong charges are due to
DP-Pfeffer (2008) and vanishing strong charges to DP-Torres (2011). Asswume
m = 2 and define 1* = = > 1. Then

BVi#(R™) = L1%(R™) n {u : each dju is a signed Borel measure}
equipped with [u|py,, = |Du|(R™) is a Banach space. The operator
A: Ly, (R™) — BVix(R™)*

is well-defined, injective, and continuous (isoperimetric LwequaL'Ltg, equ'waLethg:
Gagliardo-Nirenberg-Sobolev). Define the space vanishing strong charges as

SCH(](Rm) _ A[iLm(Rm)] BV1*(RW)*.
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Free space and vanishing charges

vanishing strong charges

Theorem
SCHy(R™)* ~ BVy«(R™).

SCHy(R™) < BV« (R™)* = SCHy(R™)**
SCHy(R™)* = BV;«(R™)
SCHo(R™)

Proof.
if a € SCHo(R™)* them

aoA: Ly(R™) —2 SCHy(R™) —%> R

corresponds to a member of BV« (R™) and [a o Al py,, = HaHSCH6x<.
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Free space and vanishing charges

Divergence of swmmable vector fields

Theorem (Cuth-Kalenda-Kaplick{) 2017, Godefroy-Lerner 2018)

Lo(R™R™) 2 L (R
Li(R™R™) %, pwm).

(A) divt = —V.
(B) div: Li(R™;R™) — F(R™) is surjective.
() ker(div) = L1 (R™;R™) n Z,,,(R™).
Li(R™;R™
(») ]:(Rm) = LllrSZm(RwT))'
Zm(R™) conststs of those v € L1 1,.(R™) whose distributional divergence vanishes.
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LFrce space and vanishing charges

StC‘P 1
fv e Li(R™;R™) then

divo : Lip,(R™) > R:uw— —f (Vu) «vdL™.

we have divv € Lip (R™) and | dtva:'}LP < |vllz,. fve Li(R™;R™) and ¢ > 0
0
there exists w € CL(R™; R™) such that [v — w| L, <€, hence,

| divo — d'»\/wHZP < £. Thus, it suffices to show that divw € F(R™). Note that
0

(u, divw) = u-divwdL™.
Rm

n fact, if 11 is a signed Borel measure on R™ such that {5, |z]2 d|p|(z) < oo thew
Fl : Uipy(R™) = R :u > (., udp is a member of F(R™).
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LFrce space and vanishing charges
StC‘P 1

Let € > 0. Choose a compact K such that SRm\K |z|2 d|p|(z) < €. Choose a finite Borel
partition B of K all of whose members have diameter Less thawn €. For B € B set
93 = /L(B) and ‘PLGR B E B ﬂrb’btrurl’,La. Thew F' = ZBEB 93 . [xB]] € .F(Rm) anol

u, By =)l < | 3 | (ulep) —ulx)) du)

BeBYB

# ] el )

<e-fulz - [pl(R™) + & - Jul L.

conclusion: f v € L1 (R™; R™) thewn divv € F(R™).
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LFrce space and vanishing charges

Step 2

tet a € F(R™)* = Lip,(R™) be so that {divv,a) = 0 for every v € L1 (R™; R™).
Letting u € Lip,(R™) corvespond to a, we have

0 = {divv, o) = (u,divv) = —J (Vu) - vdL™

m

for all v, thus, Vu = 0 a.e., hence, u = 0 and, in turn, o = 0. APPLH'LWQ
Hahn-Banach’s theorem, we draw the

concluston: div[Li (R™; R™)] is dense in F(R™).
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Free space and vanishing charges

Step 3
Theorem (Cith-Kalenda-Kaplickl) 2017, Godefroy-Lerner 2018)

—V=div* ,
Loo(R™; R™) <=2 Lip (R™)
Li(R™R™) -, FRm™).
(A) div: = —V.

Proof.
Given u € Lip,(R™), div™(u) corvesponds to some w € Lo (R™; R™) such that

m

fmw.vdcm — (v, div* () = (u, div vy = —f (Va) « vdL™

forall v € L1 (R™; R™).
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Free space and vanishing charges

StC‘P 4
Theorem (Cuth-Kalenda-Kaplickl) 2017, Godefroy-Lerner 2018)

Lo (R™;R™) V=27 Ui (R™)
Li(R™R™) &, FRm™).

(8) div: Li(R™;R™) — F(R™) is surjective.

Proof.
div* is an isometry: |ulp = tipu = |VulL,, for all u € Lip,(R™). Thus, the range
of div™ is closed and so is the range of div, according to the closed range theorem. [
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Free space and vanishing charges

Divergence of continuous vector fields vanishing at infinity

Theorema (DP-Torres 2011)

ME®R™R™) Y= By (R
Co(R™R™)  —2,  SCH,(R™).

(A) div' = —V.
(B) div: Co(R™;R™) — SCHy(R™) is surjective.
©) ker(div) = Co(R™; R™) A Zp (R™).

(®) SCHy(R™) = FU77)
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Free space and vanishing charges

Nown iwvertibil,ifcg

Theorem (Naor-Schechtman 2007)

The operator div : L1 (R™;R™) — F(R™) does not admit a right inverse (even a
non-linear uwi-forml,g contLlnuous one).

Theorem (Bourgain-Brezis 2003, Bouafia 2011)

The operator div : Co(R™;R™) — SCHy(R™) does not admit a right inverse (even a
non-linear uwiforng contlnious one).
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L

Normal currents and Smirmov’s theorem

Differential forms

» 0 < m < nare integers

> N R™ is the space of m-forms in R"; AR = R; A"R" =~ R; A" R" is
spanwned by

dmk(l) VANRIMERVAN dl‘)\(m)

where A € A(n,m) s the set of increasing funetions {1,...,m} — {1,... ,n}; it
Ls an bnner product space

» DR(R™) conststs of all C® differential forms of degree m

m
w:R”H/\R”

supported in a compact set K; it is equipped with the (Fréchet) topology of
uniform convergence of partial derivatives of any order

> D™(R") = Uk Dk (R") is equipped with the inductive Limit topology
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Normal currents and Smirmov’s theorem

Currents i the sense of de Rham

» D, (R™) is the dual of D™ (R™); its members are called m-currents or
m-dimensional currents

> The support of T' € Dy, (R™) is the complement of the Largest open set U < R”
such that sptw < U = (w,T) =0

» O-dimensional currents are distributions
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Normal currents and Smirmov’s theorem

rReal poLghedmL chains

Let T, T1, ..., Ty and

(w1 =) A A (T — Z0) n
= |(=’101—$0)A"'/\(ﬂé‘m—$0)|e/m\R '

pefine [0, 21, - - -, Tm]| € Din(R™) by the formula

<(/J, [[$07$1>"'axm]]>: <£>w($)>d7{m(l‘)
co{z0,Z1,...,Tm }
we Let Py, (R™) be the Linear subspace of Dy, (R™) generated by [0, 21, . . ., 2m]
corresponding to all choices of o, 1, . .., Ty, and we call its members the
m-dimensional polyhedral chains with real coefficlents.
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Normal currents and Smirmov’s theorem

Bounda ry operator

The exterior derivative d : D™ (R") — D™ HH(R") is defined by

d Z wxdx (1) A - A ATy 2 Z (Qiwy)dxi Adzyy A AT (-
AeA(n,m) i=1 AeA(n,m)

(ts adjoint, the boundary operator 0 : D (R") — D1 (R™), m > 1, satisfies

m

0[[:U0,331,...,xm]] = Z(_l)jﬂwo,$1,---,@7---,$m]]7

J=0

bg the Stokes-cartan theorem.
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Normal currents and Smirmov’s theorem

Mass ano normal mass of a current
we Let the mass of T' € D, (R") by
M(T) = sup{|{w, T)| : w € D™(R™) and |w]o < 1} € [0, 0.

For lnstance
M([zo, 21, . . ., zm]) = H™ (cof{zo, 21, ..., Tm})-

(t may ocewr that M(T') < o0 yet M(0T) < 0 (think of a snowflake). We define

N(T) = M(T) +M(T) ifm =1
M) ifm=0

and we say that T is a wormal m-curvent if N(T') < 00. The space of normal
m-currents is denoted Ny, (R™).
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Normal currents and Smirmov’s theorem

Rectifiable currents

(£ M < R"is a C* oriented m-dimensional submanifold of finite volume with
boundary OM then the current [M] € Dy, (R™) defined by

(o, [M]) = meM,w(x»de(x)

ts wormal and O[M] = [0M] (Stokes-cartan).

This generalizes to the case when M is m-rectifiable, i.e. contained in a countable
union of Ct m-dimensional submanifolds, and its boundary (in the sense of
currents) Ls rectifiable as well.

n case m = 1, this corresponds to M being a L_Lpsahi,tz cUrVe.
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Normal currents and Smirmov’s theorem

wetghted foliations
tf (S, 1) is a (standard Borel) probability space and

s — My

is measurable in an appropriate sense and each [M,] is an m-dimensional
rectifiable current whose boundary is vectifiable as well then

7= [ DL dils) & (B
T

provided that

J M([M.])dp(s) < o0 and J M([OM.])du(s) < .
S S
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Normal currents and Smirmov’s theorem

Smlrnov’s theorem

Let T € N1 (R™) be such that 0T = [[b] — [a], a # b. Then there exists a (standard
Borel) probability space (S, 1) and a (measurable) family of Lipschitz curves
s — I'y, each being a curve from a to b, such that

7 | Irdaus).
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L.7-_(52) as a gquotient of L1

F(§2) as a quotient of L;



Divergence operators and Lipschitz—free spaces
L]-'(SZ) as a gquotient of L1

Connectedness b Y A—pewcLLs

Let a,be Q be distinet and A > 0. A A-pencil of curves in Q from atobisa
probability wmeasure 1 o the space of oriented Lipschitz curves 7y from a to b
satisfying the following property: If v is the Borel measure on R™ defined by

v(4) = f HY(A ~ (7)) du)

then

v LT

> spt(v) € Q

» vY(R™) < A-|b—aly
we say that €2 is connected by A-pencils if each distincet a, b €  adwmit a A-pencil of
curves tn € connecting them.
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L]-'(SZ) as a gquotient of L1
Free space as a gquotient of Ly

Theorem (DP submitted)

The operator div : L1(§;R™) — F(Q) is surjective if and only if Q is connected by
A-pencils of curves for some A > 0. tn this case, the smallest such A is the inverse of
the largest A > 0 sueh that A - |ul|r, < ||[Vul|r., for all u.

Proof.

if div is surjective thew div™ has closed range and there is a A > 0 as in the
statement. Moreover, Lf a,b € ) are distinct there exists v € L1(2; R™) such that
divo = [b] — [a] and [Jv]z, < (1+e) A7 b —alz, as [|[b] — [a]ll = b — al.
nterpret v as a 1-dimensional normal curvent and apply Smirnov’s representation
theorem. U
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Free space and flat chains

if T € Dp(R™) is a distribution we define
a(T) = inf{Mm(S) | S e D1(R™) and T = 05} € [0, +0]

and we Let P x(R™) consist of those Tpg = Y,y 0(x) - [z], where E c R™ Ls a
finiteset, 0 : E —> R, and >, _p0(x) = 0. Note that
G(Trp) < Dep|0(x)] - |x]2 < 0. we let G(R™) be the g-completion of Po x(R™).

Theorem (DP)
G(R™) = F(R). v fact, T : F(R™) — G(R™) defined by (p, T(F)) = {p — ¢(0), F)

ls an Lsometric isomorphism.
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Examples

'f a distribution I is one of the following types thew there exists v € L1 (R™; R™)
such that dive = F and |[v|r, < (1+¢) - [|F|

> F = [o] - [a], [IF[l = [b— al2
» F' = i is a signed Borel measure on R™ sueh that u(R™) = 0 and

171 < | lakdil@) <=
» = Z]o-czl Hj . ([[ij — [[aj]]) and

o0
IIFI < > 1651 - 1b; — ajla < o
j=1
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