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An Algebra of sets is a pair (X,B) where X is a set and B C P(X) such that
1. ) € B and X € B,
2. A€ B implies X \ A € B,
3. A,B €% impliess ANB €% and AU B € 8.
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An Algebra of sets is a pair (X,B) where X is a set and B C P(X) such that
1. ) € B and X € B,

2. A€ B implies X \ A € B,
3. A,B €% impliess ANB €% and AU B € 8.

A lattice is a partially ordered set (X, <) such that every pair z,y € X has a
supremum z V y and an infimum z A y.
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An algebra of sets has the following properties:
1. It is a lattice ordered by inclusion with AV B=AUB and ANB=ANB

= @

It has a minimum element (0) and a maximum element (X)
It is distributive (de Morgan's laws)

Every element has a complement: for every A € B there exists B € B such that
ANB=0and AVB=X
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An algebra of sets has the following properties:

1. It is a lattice ordered by inclusion with AV B=AUB and ANB=ANB

It has a minimum element (0) and a maximum element (X)

@ N

It is distributive (de Morgan's laws)

>

Every element has a complement: for every A € B there exists B € B such that
ANB=0and AVB=X

A Boolean algebra is a lattice (B, V, A) with a minimum element (0) and a maximum
element (1), such that every element has a complement.
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Algebras of sets

Remark
An algebra of sets has the following properties:
1. It is a lattice ordered by inclusion with AV B=AUB and ANB=ANB
2. It has a minimum element ()) and a maximum element (X)
3. It is distributive (de Morgan's laws)
4

. Every element has a complement: for every A € B there exists B € B such that
ANB=0and AVB=X

Definition (Boolean algebra)

A Boolean algebra is a lattice (8, V, A) with a minimum element (0) and a maximum
element (1), such that every element has a complement.

AUB < aVb, ANB <+ aANb.
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Representation problem

Can every Boolean algebra be represented by an algebra of sets?
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Representation problem

Can every Boolean algebra be represented by an algebra of sets?

Let B be a Boolean algebra. Its Stone space Ky = Ult(B) is the compact Hausdorff
zero-dimensional space of ultrafilters. For a € B, put

a={UecUltB):acU}.

Then a — @ is a Boolean algebra isomorphism from B onto Clop(Kp).

avra
abstract B clopen sets of KB]
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What changes for o-complete Boolean algebras?

Stone duality preserves finite Boolean operations. It does not, in general, turn countable joins
and meets into countable unions and intersections.
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What changes for o-complete Boolean algebras?

Stone duality preserves finite Boolean operations. It does not, in general, turn countable joins
and meets into countable unions and intersections.

Example: the measure algebra

The measure algebra

B([0,1))/N,

where N is the ideal of null sets.
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Example: the measure algebra
The measure algebra

B([0,1])/N,
where N is the ideal of null sets.

Assuming that such an isomorphism
¢:B/IN = A

exists,
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What changes for o-complete Boolean algebras?

Stone duality preserves finite Boolean operations. It does not, in general, turn countable joins
and meets into countable unions and intersections.

Example: the measure algebra

The measure algebra

B([0,1])/N,
where A\ is the ideal of null sets.
Assuming that such an isomorphism

¢:B/N = A

exists, we can choose a point « € A and a decreasing sequence of Borel sets (B,,) whose
intersection has measure zero, such that

z € ¢([Bnl)

for every n.

5/20



What changes for o-complete Boolean algebras?

Stone duality preserves finite Boolean operations. It does not, in general, turn countable joins
and meets into countable unions and intersections.

Example: the measure algebra

The measure algebra

B([0,1])/N,
where N is the ideal of null sets.

Assuming that such an isomorphism
¢:B/N = A

exists, we can choose a point « € A and a decreasing sequence of Borel sets (B,,) whose
intersection has measure zero, such that

z € ¢([Bnl)

for every n.Since ¢ preserves countable intersections, it follows that

xe(b( OBn >=(2).
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For every o-complete Boolean algebra B, there are a o-algebra of sets A C P(X) and
a o-ideal N' C A such that
B~ A/N

as g-complete Boolean algebras.
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A Banach lattice is a Banach space X with a lattice order such that
<y = z+z2<y+z ar<ay, [zl = |z <yl

forevery z€ X and a > 0
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A Banach lattice is a Banach space X with a lattice order such that
<y = z+z2<y+z ar<ay, [zl = |z <yl

forevery z€ X and a > 0

Xy ={reX:z>0} |z| =z V (—x).

Ty | T <= xy41 <z, for all n,
inf z,, = x.
n
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A Banach lattice is a Banach space X with a lattice order such that
<y = z+z<y+z ar<ay, gyl = |z <yl

forevery z€ X and a > 0

TR Eampies

» C(K), pointwise order;

X+ = {CE eX:x Z 0}, |£E| =xV (—CE) > Lp(#), 1 S D S 00, a.e. order;
Ty | T <= xy41 <z, for all n, » the dual X*, with * > 0 if
inf x,, = z. z*(X1) C Ry
n
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For 0 < x,, T =, monotonicity gives

sup [|z || < ]
n

The question is whether equality always holds in X.
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For 0 < x,, T =, monotonicity gives

sup [z < [lz]-
n

The question is whether equality always holds in X.

» X is sequentially Fatou, or o-Fatou, if 0 < z, T = |la,| 1 ||z
» X is Fatou if the same assertion holds for nets.
» X is weakly Fatou with constant C > 1 if

O<zotz = |[z] <Csupzall.
«
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For 0 < x,, T =, monotonicity gives

sup [z < [lz]-
n

The question is whether equality always holds in X.

» X is sequentially Fatou, or o-Fatou, if 0 < z, T = |la,| 1 ||z
» X is Fatou if the same assertion holds for nets.
» X is weakly Fatou with constant C > 1 if

O<zotz = |[z] <Csupzall.
«

We next need a concrete ambient space of Banach lattices that plays the role of
Stone's theorem and P(X).
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Banach spaces.

The canonical isometric embedding

X S log(Bx)s @ (f(@) ep .
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Banach spaces.

The canonical isometric embedding
X<_>€oo(BX*)7 T (f(x»fEBX*’

This works because the dual X™ (continuous linear functionals) separates points.
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Banach spaces.

The canonical isometric embedding
X<_>€oo(BX*)7 T (f(x»fEBX*’
This works because the dual X™ (continuous linear functionals) separates points.

Banach lattices.

To obtain a /attice embedding, one would like to mimic the same construction using
lattice homomorphisms
X —R.

However, unlike the Banach space setting, there may be no non-trivial lattice
homomorphisms X — R.
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Replace the scalar field R by L' spaces:
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Replace the scalar field R by L! spaces: there are enough lattice homomorphisms
X — Ll (/L)a

to separate points, yielding an embedding of the form

X > loo (L (112))ier)-
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If

S = @ Xy = @ Ll(/’w) ) Jo = (jtpm)weB;,,’

‘PEB;* SDGB;*

£ £

then J : X — S is an isometric lattice homomorphism.
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S = @ Xy = @ Ll(#w) ) Jo = (jwm)apeB;*’

+ +
PEBL (= PEBS . oo

then J : X — S is an isometric lattice homomorphism.

What changes for o-complete Banach lattices?

Even if z,, | 0 in X, the infimum inf J(x,,) in S need not be zero.
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Let I, be the o-ideal of S generated by all

inf J(zp,), Tn 4 0in X,
With Q : S — S/I,, define . .

J S
Ox :=QJ: X — S/I,. & Q

Bycomtucton

© x is contractive and o-order continuous: if
Uy, 4 0, then inf,, © xu, = 0.
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Important limitation

We managed to preserve countable operations at a cost:

Ox is not in general an isometry.
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We managed to preserve countable operations at a cost:

Ox is not in general an isometry.

For a decreasing null sequence u,, | 0, put

A(uy) = {2* € Bf. : 2% (u,) — 0}.
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Important limitation

We managed to preserve countable operations at a cost:
Ox is not in general an isometry.

For a decreasing null sequence u,, | 0, put

A(uyn) = {z* € BL. : 2*(u,) — 0}.

For a Banach lattice X, we say that X has
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Important limitation
We managed to preserve countable operations at a cost:
Ox is not in general an isometry.

For a decreasing null sequence u,, | 0, put

A(uy) = {2* € Bf. : 2% (u,) — 0}.

Definition

For a Banach lattice X, we say that X has
LSeep: O0<z e Xi = 3¢ € A(u,) with ¢(z)
LS: ¢ x|l < csup{z*(x) : a* € A(un)} (c
LSprm : ||z|| = sup{z*(z) : ¥ € A(uy)}.

0,
1),

>
=

Each condition is required for every x € X and every u,, | 0.
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Let X be a Banach lattice. Then:
1. ©x is injective if and only if X has LSsep.

C

crm for some c > 1.

2. Ox is an isomorphic embedding if and only if X has LS
3. Ox is an isometry if and only if X has LS;m.
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For every Banach lattice X,
Ox is an isometry <= X has the sequential Fatou property.

Equivalently, LS, <= o-Fatou.
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For every Banach lattice X,
Ox is an isometry <= X has the sequential Fatou property.

Equivalently, LS, <= o-Fatou.

Remark
The quotient is isometric exactly when the original norm already treats increasing
sequential suprema correctly.
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Isometric cases

If X is o-Fatou, then ©x is isometric. Standard examples include

LP(w), 1 <p< oo, C(K), dual Banach lattices.
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Examples: isometric and not isometric

Isometric cases

If X is o-Fatou, then © x is isometric. Standard examples include

LP(w), 1 <p< oo, C(K), dual Banach lattices.

AM-space Isomorphic but not isometric

Let 5 be a free-ultrafilter limit on N, let & > 1, and set
Xo={z€l>®:21=0af(z)}.

Then X, is an AM-space.
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Isometric cases

If X is o-Fatou, then © x is isometric. Standard examples include

LP(w), 1 <p< oo, C(K), dual Banach lattices.

AM-space Isomorphic but not isometric
Let 5 be a free-ultrafilter limit on N, let & > 1, and set

Xo={z€l>®:21=0af(z)}.
Then X, is an AM-space. In X,

Yo =(0,1,...,1,0,0,.. )tz = (a,1,1,...),
~——

while ||y,|| =1 and ||z]| = a.
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Examples: isometric and not isometric

Isometric cases

If X is o-Fatou, then © x is isometric. Standard examples include

LP(w), 1 <p< oo, C(K), dual Banach lattices.

AM-space Isomorphic but not isometric
Let 5 be a free-ultrafilter limit on N, let & > 1, and set
Xo={z€l>®:21=0af(x)}.
Then X, is an AM-space. In X,
Yo =(0,1,...,1,0,0,.. )tz = (a,1,1,...),
~——

while |ly,|| =1 and ||z|| = @.Thus Ox, is not isometric; nevertheless it is an isomorphic
embedding.
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Is ©x being an isomorphic embedding equivalent to X being o-weakly Fatou?
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Is ©x being an isomorphic embedding equivalent to X being o-weakly Fatou?

For a Banach lattice X, the following are equivalent:
1. ©x is an isomorphic embedding;

2. X admits an equivalent o-Fatou lattice norm.
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Is ©x being an isomorphic embedding equivalent to X being o-weakly Fatou?

For a Banach lattice X, the following are equivalent:
1. ©x is an isomorphic embedding;

2. X admits an equivalent o-Fatou lattice norm.

Does every o-weakly Fatou Banach lattice admit an equivalent o-Fatou norm?
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Weakly Fatou not isomorphic (Elliott; Avilés-Taylor-Tradacete)

There exists a Banach lattice with weakly Fatou norm not equivalent to a Fatou norm

Failure of injectivity

There exists a Banach lattice together with a null sequence x,, | 0 C X for which there is no
admissible functional:
d(xn) = ap >0

for every ¢ € X7
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Thank youl!
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