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Some definitions

• strictly convex or rotund (in short, R), if whenever x , y ∈ SX are such that∥∥(x + y)/2
∥∥ = 1, then x = y ,

• locally uniformly rotund (LUR) [resp. weakly locally uniformly rotund (wLUR)],

if whenever for x ∈ SX and
〈
yn ∈ SX : n ∈ ω

〉
we have

∥∥(x + yn
)
/2
∥∥ → 1,

then yn → x [resp., yn
w−→ x ],

• midpoint locally uniformly rotund (MLUR) [resp. weakly midpoint locally

uniformly rotund (wMLUR)], if whenever for x ∈ SX and
〈
yn ∈ X : n ∈ ω

〉
we have

∥∥x ± yn
∥∥ → 1, then yn → 0 [resp., yn

w−→ 0],

• Kadets–Klee (KK ) [resp. sequentially Kadets–Klee (SKK )], if the weak topol-

ogy and the norm topology coincide on SX [resp., if weakly convergent se-

quences in SX are norm convergent].
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Some implications

KK SKK

LUR MLUR R

wLUR wMLUR
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The question

Question

Is there a Banach space of density < c that fails to have a renorming with any (all)

of the above properties?
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Some answers

Theorem (Haydon, Jayne, Namioka, Rogers (’00))

Let S be the two-point compactification of a Suslin line. Then C (S) admits no

strictly convex renorming.

Theorem (Zenor (80’))

Let K be a compact space such that K n is hereditarily separable for all n ∈ ω.

Then Cp(K ) is hereditarily Lindelöff.

KK top
(
w ∪ {An : n ∈ ω}

)
⊇ τ∥·∥

Every ∥ · ∥-discrete subset is w -σ-scattered

8 / 16



Some answers

Theorem (Haydon, Jayne, Namioka, Rogers (’00))

Let S be the two-point compactification of a Suslin line. Then C (S) admits no

strictly convex renorming.

Theorem (Zenor (80’))

Let K be a compact space such that K n is hereditarily separable for all n ∈ ω.

Then Cp(K ) is hereditarily Lindelöff.
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The idea

C(K ) fails some renorming property.

Maybe the reason is in K?

If K is 0-dimensional, maybe the reason is in Clop(K )?

Example

ℓ∞ fails all properties except for ⟨R⟩. ℓ∞/c0 fails all properties.

Remark

ℓ∞ = C(St(P(ω))). ℓ∞/c0 = C (St(P(ω)/Fin))

9 / 16



The idea

C(K ) fails some renorming property.

Maybe the reason is in K?

If K is 0-dimensional, maybe the reason is in Clop(K )?

Example

ℓ∞ fails all properties except for ⟨R⟩. ℓ∞/c0 fails all properties.

Remark

ℓ∞ = C(St(P(ω))). ℓ∞/c0 = C (St(P(ω)/Fin))

9 / 16



The idea

C(K ) fails some renorming property.

Maybe the reason is in K?

If K is 0-dimensional, maybe the reason is in Clop(K )?

Example

ℓ∞ fails all properties except for ⟨R⟩. ℓ∞/c0 fails all properties.

Remark

ℓ∞ = C(St(P(ω))). ℓ∞/c0 = C (St(P(ω)/Fin))

9 / 16



The idea

C(K ) fails some renorming property.

Maybe the reason is in K?

If K is 0-dimensional, maybe the reason is in Clop(K )?

Example

ℓ∞ fails all properties except for ⟨R⟩. ℓ∞/c0 fails all properties.

Remark

ℓ∞ = C(St(P(ω))). ℓ∞/c0 = C (St(P(ω)/Fin))

9 / 16



Some definitions

Definition

A Boolean algebra A has the Interpolation Property ((I)) if for any two disjoint

countable antichains
〈
An : n ∈ ω

〉
and

〈
Bn : n ∈ ω

〉
in A there is A ∈ A such that

An ≤ A and A ∧ Bn = 0A for all n ∈ ω.

Definition

A Boolean algebra A has the Countable Non-Completeness Property ((CNC)) if

for any countable antichain
〈
An : n ∈ ω

〉
in A there is A ∈ A \ {0A} such that

A ∧ An = 0A for all n ∈ ω.
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Main preliminary results

Theorem (Alexandrov, Babev (’88))

If A has (I), then C (St(A)) has no equivalent weakly midpoint-locally uniformly

rotund norm.

Theorem (Alexandrov (’01))

If A has (I), then C (St(A)) has no equivalent sequentially Kadets-Klee norm.

Theorem (Alexandrov (’01))

If A has (I) and (CNC), then C (St(A)) has no equivalent stricltly convex norm.
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Idea of the proof

• Start with an equivalent norm ∥ · ∥.

• Construct a sequence
〈
fn : n ∈ ω

〉
with lim ∥fn∥ = ρ0.

• Use the property (I) to find a “limit” f with ∥f ∥ = ρ0.

• Certainly fn ̸∥·∥−−→ f , but maybe fn
w−→ f .

• If f is obtained by some countable join, then use (CNC) to find two extensions

with the same norm.
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The problem

Observation

Let A be an infinite Boolean algebra with (I). Then |A| ≥ c.
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The main inspiration

C. Brech, On the density of Banach spaces C (K ) with the Grothendieck property,

Proc. Amer. Math. Soc. 134 (2006), no 12, 3653–3663.

Question

Is there a nonreflexive Banach space with the Grothendieck property which admits

a LUR renorming?

No idea.
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The result

Theorem

Let A ∈ V be a Boolean algebra which has property (I) in V . Let G be an

Sκ-generic filter over V . Then, in V [G ] the Banach space C(St(A)) admits no

equivalent wMLUR or SKK norm

Theorem

Let A ∈ V be a Boolean algebra which has properties (I) and (CNC) in V . Let G

be an Sκ-generic filter over V . Then, in V [G ] the Banach space C(St(A)) admits

no equivalent strictly convex norm.
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Thank you for the attention!
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