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Lipschitz spaces and Lipschitz-free spaces

Let M be a metric space with a fixed point 0. The set of all Lipschitz
functions f with 7(0) = 0 is a Banach space with the norm

If] = sup{|f();)(;;)(y)| IXFYE I\/l}

and is denoted by Lipy(M).
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Lipschitz spaces and Lipschitz-free spaces

Let M be a metric space with a fixed point 0. The set of all Lipschitz
functions f with 7(0) = 0 is a Banach space with the norm

Hf-H = SUp{|f(X) — f(y)‘

d(x.y) :x;éyel\/l}

and is denoted by Lipy(M).

Let 6: M — Lipy(M)* be the canonical isometric embedding of M into
Lipo(M)*, which is given by x —> 0y, where 04 (f) = f(x).
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Let M be a metric space with a fixed point 0. The set of all Lipschitz
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: M
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I = sup {
and is denoted by Lipy(M).
Let 6: M — Lipy(M)* be the canonical isometric embedding of M into
Lipo(M)*, which is given by x —> 0y, where 04 (f) = f(x).

The norm closed linear span of §(M) is called the Lipschitz-free space
and denoted by F(M). It is well-known that F(M)* = Lipg(M).
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Lipschitz spaces and Lipschitz-free spaces

Let M be a metric space with a fixed point 0. The set of all Lipschitz
functions f with 7(0) = 0 is a Banach space with the norm

[f(x) = fy)]

: M
dxy) 7Y€ |

I = sup {

and is denoted by Lipy(M).

Let 6: M — Lipy(M)* be the canonical isometric embedding of M into
Lipo(M)*, which is given by x —> 0y, where 04 (f) = f(x).

The norm closed linear span of §(M) is called the Lipschitz-free space
and denoted by F(M). It is well-known that F(M)* = Lipg(M).

An element in (M) of the form

b=y,
¥ d(x,y)

for x # y € M is called a molecule. It is well-known that ||m,,|| = 1.
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Almost square properties

A Banach space X is said to be

© locally almost square (briefly, LASQ) if for every x € Sx there exists a
sequence (y;) € Sx such that |[x + yi| — 1;
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sequence (y;)  Sx such that |x £ y;| — 1 and y; — 0 weakly;
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© locally almost square (briefly, LASQ) if for every x € Sx there exists a
sequence (y;) € Sx such that |[x + yi| — 1;

@ weakly almost square (briefly, WASQ) if for every x € Sx there exists a
sequence (y;)  Sx such that |x £ y;| — 1 and y; — 0 weakly;

© almost square (briefly, ASQ) if for every finite subset (x;)7_; < Sx
there exists a sequence (y;) & Sx such that ||x; + y;|| — 1 for every
Jje{l,...,n}.
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Almost square properties

A Banach space X is said to be

© locally almost square (briefly, LASQ) if for every x € Sx there exists a
sequence (y;) € Sx such that |[x + yi| — 1;

@ weakly almost square (briefly, WASQ) if for every x € Sx there exists a
sequence (y;)  Sx such that |x £ y;| — 1 and y; — 0 weakly;

© almost square (briefly, ASQ) if for every finite subset (x;)7_; < Sx
there exists a sequence (y;) & Sx such that ||x; + y;|| — 1 for every

Jje{l,...,n}.
ASQ Z WASQ ZZ LASQ
L4110, 1] F(M)
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o A Lipschitz-free space F(M) is LASQ iff M is length [Haller, Kaasik,
Ostrak 2023|.
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M geodesic = F (M) WASQ
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@ Is it true that a Lipschitz-free space F(M) is WASQ iff M is geodesic?
In a talk at winter school in 2023 | claimed that

M geodesic = F (M) WASQ

We proved that if M is geodesic, then all finitely supported elements of the
unit sphere are WASQ points.
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o A Lipschitz-free space F(M) is LASQ iff M is length [Haller, Kaasik,
Ostrak 2023|.

@ A Lipschitz-free space (M) is never ASQ [Haller, Kaasik, Ostrak
2023).

@ Is it true that a Lipschitz-free space F(M) is WASQ iff M is geodesic?
In a talk at winter school in 2023 | claimed that

M geodesic = F (M) WASQ

We proved that if M is geodesic, then all finitely supported elements of the
unit sphere are WASQ points. Which is true!

Then we claimed that to show that a Banach space is WASQ it suffices to
show that the set of WASQ points is dense in the unit sphere.
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o A Lipschitz-free space F(M) is LASQ iff M is length [Haller, Kaasik,
Ostrak 2023|.

@ A Lipschitz-free space (M) is never ASQ [Haller, Kaasik, Ostrak
2023).

@ Is it true that a Lipschitz-free space F(M) is WASQ iff M is geodesic?
In a talk at winter school in 2023 | claimed that

M geodesic = F (M) WASQ

We proved that if M is geodesic, then all finitely supported elements of the
unit sphere are WASQ points. Which is true!

Then we claimed that to show that a Banach space is WASQ it suffices to
show that the set of WASQ points is dense in the unit sphere. Which is not
true!
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New results

Theorem (Kaasik, Quilis, V.)

Let M be a metric space such that F(M) is WASQ. Then M is geodesic.
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Let M be a metric space such that F(M) is WASQ. Then M is geodesic.

Theorem (Kaasik, Quilis, V.)

There exists a geodesic metric space M such that F(M) is not WASQ.
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New results

Theorem (Kaasik, Quilis, V.)

Let M be a metric space such that F(M) is WASQ. Then M is geodesic.

Theorem (Kaasik, Quilis, V.)

There exists a geodesic metric space M such that F(M) is not WASQ.

Let M := [0, 1]? be a metric space with the metric

la—cl, if b=d,

@ B e ) = {min{aJr c,2—a—ch+|b—d|, ifb+d
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New results

Theorem (Kaasik, Quilis, V.)

Let M be a metric space such that F(M) is WASQ. Then M is geodesic.

Theorem (Kaasik, Quilis, V.)

There exists a geodesic metric space M such that F(M) is not WASQ.

Let M := [0, 1]? be a metric space with the metric

la—cl, if b=d,

@ B e ) = {min{aJr c,2—a—ch+|b—d|, ifb+d

The element € Sr(py), defined by

1
u(f) = f (f(1,t) — £(0,t))dt, f € Lipo(M).

is not a WASQ point.
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Open questions

@ How to characterize Lipschitz-free spaces that are WASQ?
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Open questions

@ How to characterize Lipschitz-free spaces that are WASQ?
e Is F(R?) WASQ?
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