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Aim of talk

e Let X be a real or complex Banach space, and £(X) the Banach algebra
of all bounded linear operators X — X.

-~

Aim of talk: To introduce the notion of a non-trivial n-subideal of
L(X) and to present two examples with decreasing sequences of
such n-subideals.

\

The talk is based on joint work with Hans-Olav Tylli (Helsinki):
e H-O. Tylli, H. Wirzenius: Closed subideals of L(X) of higher order,
preprint.
e H-O. Tylli, H. Wirzenius: Structure of closed subideals of L(X),
preprint.
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e Recall: a closed linear subspace J of a Banach algebra A is a closed ideal
of Aif STeJand TSe€ JforallSe€Jand T € A.
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o In (Tylli & W., Proc. AMS 2024) we showed that there is a Banach space
X failing the AP that carries an uncountable family of distinct closed
ideals of KC(X) which are pairwise isomorphic as Banach algebras.

* Similar result was obtained for closed ideals of S(X) for classical
spaces including C(0,1) and L,(0,1), p # 2.
Hence Chernoff’s result fails in general for closed subideals of £(X)
(meaning closed ideals of closed ideals of £(X)).

e What can be said about subideals of £(X) of higher order?
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T=Ta> Tp-1 B> - DT D> Jo= L(X) (1)

(that is, Jk is an ideal of Jk_q for all k =1,... n).
Above J is called a closed n-subideal of L£(X) if the subalgebras
J and Ji in (1) are closed.

\

e ideal = 1-subideal.
e If J is an n-subideal of £(X), then J is an (n + 1)-subideal of £(X).
(Reason: Add Jni1:= Jn in (1).)
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General question

e We are interested in the following natural question:

Q. For a given Banach space X and n > 2, are there closed n-subideals
of L(X) that are not closed (n — 1)-subideals of L(X)?
* We call such closed n-subideals non-trivial.
* Similarly, we call an algebraic n-subideal of £(X) non-trivial if it is
not an algebraic (n — 1)-subideal of £(X).
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General question

e We are interested in the following natural question:

Q. For a given Banach space X and n > 2, are there closed n-subideals
of L(X) that are not closed (n — 1)-subideals of L(X)?

* We call such closed n-subideals non-trivial.
* Similarly, we call an algebraic n-subideal of £(X) non-trivial if it is
not an algebraic (n — 1)-subideal of £(X).

e Non-trivial closed n-subideals of £(X) do not always exist:
For example,

* if H is a Hilbert space, then £(H) does not have any non-trivial
closed n-subideals.

Reason: every closed ideal of £L(H) possesses an a.i.
* if X=cor X=140,1<p<oo.
Reason:
- K(X) is the only proper non-zero closed ideal of £(X).

- a closed n-subideal of £(X) (for any Banach space X) contains
F(X) where F(X) = { bounded finite rank operators X — X}.

- K(X) = F(X) since X has the AP.
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Background

e The concept of an algebraic n-subideal of a Banach algebra appeared in
(Shulman & Turovskii, Oper. Theory: Adv. and Appl., 2014).

We are not aware of any systematic studies of n-subideals of Banach
algebras £(X) (or more generally for Banach algebras A) for n > 3.
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e For n =2, Fong and Radjavi (Math. Ann., 1983) obtained non-trivial
algebraic 2-subideals of L(£>):

* For example, let [Ds]x denote the ideal of K(¢2) generated by the
diagonal operator Ds € K(¢2) where s = (1/n)72; for fixed o > 0.
Then [Ds]k is not an ideal of £(£2).

e In the theory of Lie algebras there is a parallel concept of Lie n-subideals,
which goes back to (Schenkman, Amer. J. Math., 1951) (as subinvariant
subalgebras).
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Basic observations

e Let 7 be a closed ideal of £(X) and A C Z a subalgebra. Put
M,=A+7Z"for n>2. Then

M D> Mp_1 B> oo > Mp DI D> L(X).

so M, is a closed n-subideal of £(X).

6/10



Basic observations

e Let 7 be a closed ideal of £(X) and A C Z a subalgebra. Put
M,=A+7Z"for n>2. Then

M D> Mp_1 B> oo > Mp DI D> L(X).

so M, is a closed n-subideal of £(X).
e Recall: If M, is a closed n-subideal of £(X), then F(X) C M.,.

6/10



Basic observations

e Let 7 be a closed ideal of £(X) and A C Z a subalgebra. Put
M,=A+7Z"for n>2. Then

M D> Mp_1 B> oo > Mp DI D> L(X).

so M, is a closed n-subideal of £(X).
e Recall: If M, is a closed n-subideal of £(X), then F(X) C M.,.
e Hence, if Z" C F(X), then every closed subalgebra

FX)cACT

is a closed n-subideal of £(X).

6/10



Basic observations

e Let 7 be a closed ideal of £(X) and A C Z a subalgebra. Put
M,=A+7Z"for n>2. Then
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so M, is a closed n-subideal of £(X).
e Recall: If M, is a closed n-subideal of £(X), then F(X) C M.,.
e Hence, if Z" C F(X), then every closed subalgebra

FX)cACT

is a closed n-subideal of £(X).

e Consequence: If M, is a non-trivial closed n-subideals of £(X), the ideal
Z C L(X) in the chain

Mp D> Mp_1 > --- DMQDID,C(X)

cannot satisfy Z"7' C F(X).
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where M, is a non-trivial closed n-subideal of £(X) for n > 2.

7/10



Infinite chain of non-trivial closed n-subideals

Theorem A. Let X = ({p, Dy, ®- “)co' where 1 < p1 < pa < ... < c0.
Then there is a decreasing chain

(K(X)c) - >Mad> - > My S(X) > L(X)

where M, is a non-trivial closed n-subideal of £(X) for n > 2.

Here M, = A+ S(X)" for all n € N, where A C §(X) is the subalgebra

spanned by operators Vi, Va,. .. defined as follows:
X e X
projection Pki Sk 0 TJ;( inclusion map
0 O
=Lp, @-- @Zp,,*)Xk@Xk—>Xk€BXkT>Xk

k

where Si € S(Xk) such that S¢71 ¢ K(Xk).

7/10



Infinite chain of non-trivial closed n-subideals

Theorem A. Let X = ({p, Dy, ®- “)co' where 1 < p1 < pa < ... < c0.
Then there is a decreasing chain

(K(X)c) - >Mad> - > My S(X) > L(X)

where M, is a non-trivial closed n-subideal of £(X) for n > 2.

Here M, = A+ S(X)" for all n € N, where A C §(X) is the subalgebra

spanned by operators Vi, Va,. .. defined as follows:
X e X
projection Pki Sk 0 TJ;( inclusion map
0 O
=Lp, @-- @Zp,,*)Xk@Xk—>Xk€BXkT>Xk

k

where Si € S(Xk) such that S¢71 ¢ K(Xk).

Key observation for non-triviality: P,UJ, € K(X,) for all U € S(X)".
Application of the notion "matrix multiplication works” (Laustsen, Math. Proc.
Camb. Phil. Soc. 2001).
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LX) = {S € LX) | (en(S)) € o} > L(X),
where
en(S) =inf{e >0 SBx C {y1,...,vq} +Bx,q < 2" '}

is the n:th entropy number of an operator S € L(X).

e Key fact (Gordon, Kdnig, Schiitt, J. Approx. Theory, 1987): Suppose X
has an unconditional basis (ex) and let t; > t, > --- > 0. For the diagonal
operator

DtZX—>X, ZAkek»—)Ztk)\kek
n=1 k=1
one has
Di € LX) & t = (&) € by
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Algebraic n-subideals, Il

Theorem B. Let 1 < p < oo and let X be a Banach space with a
normalized unconditional Schauder basis (ex). Put Z = X @& X. Then
there is a decreasing chain

(F(Z)c) - B Kab - > Kb LO(Z) > L(2)

where IC,, is a non-trivial algebraic n-subideal of £(Z) for n > 2.
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Theorem B. Let 1 < p < oo and let X be a Banach space with a
normalized unconditional Schauder basis (ex). Put Z = X @& X. Then
there is a decreasing chain

(F(Z)c) - B Kab - > Kb LO(Z) > L(2)

where IC,, is a non-trivial algebraic n-subideal of £(Z) for n > 2.

\. J

Construction of KC,: Pick sequence

to €4\ | 4o

q<p

Let Dy, : X — X be the diagonal operator e, +— t,(k)ex. Define

U, = [Dof 8} e £9(2)

and
Kn=span{Uj | 1 < k < n} +£ff)(Z)", n>2.
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where M, is a non-trivial closed n-subideal of £(X) for all n > 2.

Q1. Are there other classes of Banach spaces X with such chains?
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e Thank you for your attention.
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